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Abstract: We introduce a new wall-crossing formula which combines and generalizes the 
Cecotti-Vafa and Kontsevich-Soibelman formulas for supersymmetric 2d and 4d systems 
respectively. This 2d-4d wall-crossing formula governs the wall-crossing of BPS states in 
an A/" = 2 supersymmetric 4d gauge theory coupled to a supersymmetric surface defect. 
When the theory and defect are compactified on a circle, we get a 3d theory with a su- 
persymmetric line operator, corresponding to a hyperholomorphic connection on a vector 
bundle over a hyperkahler space. The 2d-4d wall-crossing formula can be interpreted as 
a smoothness condition for this hyperholomorphic connection. We explain how the 2d-4d 
BPS spectrum can be determined for 4d theories of class S, that is, for those theories ob- 
tained by compactifying the six-dimensional (0, 2) theory with a partial topological twist 
on a punctured Riemann surface C. For such theories there are canonical surface defects. 
We illustrate with several examples in the case of Ai theories of class S. Finally, we indi- 
cate how our results can be used to produce solutions to the Ai Hitchin equations on the 
Riemann surface C. 
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1. Introduction: A guided tour of the paper 

The present paper is a continuation of a project revolving around the intertwined themes of 
wall-crossing, hyperkahler geometry, BPS states, and their application to the rich mathe- 
matical physics associated with four- dimensional field theories with N = 2 supersymmetry 
[1, 2, 3]. In this paper we introduce several new ingredients into the emerging structure. 
All of these new ingredients are associated in one way or another with surface defects. 

Several developments over the past decade have amply demonstrated that the inclusion 
of defects of decreasing codimension leads to physical systems which possess increasing 
richness and beauty, albeit at the price of increasing complexity. For examples, in 2- 
dimensional conformal field theory the inclusion of defect lines enhances the structure 
wonderfully. In four dimensional = 4 supersymmetric field theory the line defects shed 
much light on S-duality [4] and play a central role in the geometric Langlands program [5]. 
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Deeper developments along this direction have come with the inclusion of surface defects 
[6, 7, 8]. Finally, in topological field theory, a whole hierarchy of defects leads to a beautiful 
mathematical structure involving higher category theory [9, 10, 11, 12, 13, 14]. 

The present paper together with [15, 16, 17] may be viewed as part of an analogous line 
of development for theories with M = 2 supersymmetry.^ For example, in [3] we considered 
defects of codimension three — that is, line defects in A/" = 2 theories. This led naturally 
to a new class of BPS states, the framed BPS states. The consistency of framed BPS 
indices gave a very simple and natural derivation of the "motivic" Kontsevich-Soibelman 
wall-crossing formula for the "vanilla" BPS states. (As in [3], we refer to the BPS states 
of the original four-dimensional theory without defects as "vanilla.") In addition it led to 
a natural quantization of the algebra of holomorphic functions on Seiberg-Witten moduli 
spaces as well as to new connections with the mathematics of laminations of punctured 
Riemann surfaces, quantized Teichmiiller theory, cluster algebras, and cluster varieties. In 
the present paper, as we have said, we move on to investigate some aspects of codimension 
two defects, also known as surface defects. Not surprisingly, this introduces a new layer of 
complexity. The remainder of this introduction is an expository account of the paper. 

The surface defects we will consider preserve four of the eight supersymmetries of 
the vanilla 4-dimensional theory (§3.1 and Appendix A). Various UV constructions of 
such defects are reviewed in §3.2. One representative construction proceeds by coupling 
a 1+1 dimensional theory Tid with (2,2) supersymmetry on a surface S to an ambient 
four- dimensional theory T^d- We assume that Tzd has a compact global symmetry group 
G and moreover we assume that in isolation T2d fias a finite number of massive vacua, 
labeled i G V[S].^ The G-symmetry can then be gauged by coupling to a G- gauge theory in 
Tid- A second UV construction, due to Gukov and Witten, involves just a 4d theory with 
G gauge symmetry but with reduced structure group along the surface S [6]. In addition 
we can consider domain walls welding together different theories T2d and 7^'^, or more 
generally different defects on § and S'. The domain wall can be viewed as a line defect in 
four dimensions embedded in a surface. We will refer to it as a supersymmetric interface. 
We refer to the general systems we have just described as coupled 2d-4d systems or 2d-4d 
systems for short. 

2d-4d systems can support novel and nontrivial dynamics, qualitatively different from 
the dynamics exhibited by, say, Tid and Tid in isolation. They have a rich set of BPS 
states. Besides the 4d vanilla BPS states, there are BPS states of the type associated to 
the 2d theory Tid- Such BPS states were studied extensively by Cecotti and Vafa and 
collaborators in the two-dimensional context [18, 19, 20]. The coupling to a 4d theory Tid 
has an effect akin to the introduction of 2d twisted masses for the G-symmetry [21, 22, 23]. 
("Twisted masses" refers to the parameters introduced in 2d (2,2) models in [24].) For 
example, there can be infinitely many solitons interpolating between distinct vacua of the 



^This of course suggests that we should go on to investigate domain walls in A/" = 2 theories, but we will 
not address that interesting topic in the present work. 

^The symbol § denotes the location of the surface defect, but also sometimes the "theory" on the defect. 
It has no meaning without specifying the ambient four-dimensional theory. 
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surface defect and carrying four-dimensional gauge and "flavor charges."'^ There can also 
be BPS states localized on S which do not interpolate between different vacua but rather 
reside in a single vacuum. These states too can carry four-dimensional gauge and flavor 
charge. Finally, in the presence of interfaces there are again framed BPS states. 

In order to exhibit the curious antics of these new BPS states we must turn to a 
low energy effective field theory description of the dynamics. There is a description of 
the low energy dynamics of 2d-4d systems generalizing the renowned solution of pure four- 
dimensional theories initiated by Seiberg and Witten [25, 26] (For reviews see, for example, 
[27, 28].) This is described in some detail in §3, following and developing further the story 
in [17]. The four-dimensional theory has a Coulomb branch of vacua B."^ In 2d-4d systems 
this is generalized to a ramified cover Bs whose sheets are in correspondence with vacua 
V[S]. The dynamics at a vacuum {u,i) £ Bs is described by an effective four-dimensional 
abelian M = 2 gauge theory coupled to a twisted chiral effective 2d (2, 2) superpotential W, 
localized on S. (See equation (3.12).) Thus, the description of the low-energy dynamics of 
four- dimensional theories by a prepotential J- is replaced in 2d-4d systems by a description 
in terms of a pair (J^, W). There is a simple IR picture of the ground states of the surface 
defect in a definite charge sector: the defect looks like a solenoid, outside of which there 
is a flat abelian gauge field. If we describe the 4d IR abelian gauge theory by a self-dual 
gauge field ¥ = dA, then the holonomy of A around the solenoid is specified by a symplectic 
vector V (equation (3.19)). Upon choosing a duality frame, v has electric and magnetic 
components rj and a, related to W by equation (3.15): 

t = r] + Ta = —. (1.1) 

We refer to {rj, a) as (infrared) Gukov- Witten parameters. 

When two defects are welded together by an interface the analogous physical picture of 
the ground state in a definite charge sector is that of a pair of half-solenoids glued together 
on a BPS dyon, rather like a nunchuk, or a boa which has swallowed an elephant [29]. 
See Figure 12. The dyon allows fiux to escape from the solenoids, and hence the field 
outside is no longer flat. Moreover, the dyon charge need not satisfy Dirac quantization. 
Indeed we can regard the worldsheets of the solenoids as those of Dirac strings which have 
materialized into observable objects. 

If we wish to describe our ground states with more precision we must be careful about 
the description of the 4d charges of our BPS states. It turns out that this is no simple 
matter. We begin with the local system over B of electromagnetic and flavor charges F, 
and its quotient system F^ of electromagnetic charges. The latter is a local system of 
symplectic lattices. (See equation (3.6).) Associated to this is the Seiberg- Witten moduli 

^In this paper flavor charges play an important role. We define a "flavor symmetry" of a 4d A/" = 2 
theory to be a global symmetry commuting with the supersymmetries which is not spontaneously broken 
on the Coulomb branch of vacua. States and operators of the theory will transform in representations of 
the flavor symmetry group and "flavor charges" are characters of this group. We will in general limit our 
considerations to flavor symmetry groups which are abelian. 

*We do not venture onto Higgs branches in this paper. 



- 5 - 



space 



(1.2) 



one of the central actors in [1, 2, 3]. Geometrically, the holonomy P of A should be viewed as 
a "section" of the "mirror-dual" moduli space Ai = T g (^M./ {2tt7i) , but it will be important 
to consider a lift i/ G (g) M, thus assigning a definite flux to the interior of the solenoid. 
Of course, since Tg is a nontrivial local system with monodromy there will be no globally 
well-defined section u, only a multisection. Generically the possible values of u above (n, i) 
will be a "torsor" for ^ and monodromies will act in an afhne- linear way on i^. It follows 
then from (1.1) that the superpotential must have monodromy, and that the set of possible 
effective superpotentials is a torsor for T. (This assumes that the "mass parameters" dual 
to the flavor charges are generic.) Physically this monodromy can be traced back to the fact 
that at singular loci B^^^^ not only will four-dimensional BPS states become massless, but 
also chiral multiplets on S will become massless. In §3.5, Witten's famous computation of 
effective twisted superpotentials in gauged linear sigma models [30, 31] is reinterpreted as 
computing an extension of the central charge function Z : P — )■ C to the torsors associated 
to S. A surprising physical implication is that the number of chiral multiplets on the surface 
defect is not an absolute invariant but rather more like a gauge choice in the description 
of the 2d-4d system. This is intimately related to the fact that a 2d chiral multiplet can 
mix with 4d hypermultiplets with the same gauge and flavor charges. We will denote the 
torsor associated to a vacuum i as Pj. The Pj form a local system of torsors over Bg.^ 

If we consider 2d solitons between vacua i and j, charge quantization is controlled by 
the difference in the holonomies i^i and Uj associated to the two vacua, and hence the 4d 
charges of 2d solitons form a P-torsor Tij. With interfaces these are further generalized 
to Pjj', where i, f are vacua of the two surface defects welded by the interface. Charges 
in Tij will be denoted by symbols like 7jj, and satisfy addition rules like 7jj + = 7^^. 
Mathematically this means we define a groupoid of vacua V which will prove to be a useful 
concept when we discuss wall-crossing. See §2.3 for the formal construction. 

The charge torsors described above grade the Hilbert spaces of 2d solitons as well as 
other BPS states, framed and unframed. There are BPS bounds in all these charge sectors 
and hence associated to our new BPS states are a host of new BPS indices. These include: 

• //(7jj): These are the degeneracies of 2d solitons with 4d gauge charge ^ij. They 
generalize the degeneracies fiij studied by Cecotti and Vafa in the pure 2d context 
[20]. See §3.5 and Appendix A. 

torsor for a group G is a principal homogeneous space S for G. This means that there is a transitive 
G-action on S and moreover there are no nontrivial stabilizers. That is, for any two elements si,S2 G S 
there is a g G G so that S2 = g - si, and moreover, if s = g - s for any s then g = 1. Thus, S is "a copy of G," 
but there is no distinguished element of S corresponding to the identity element of G. A typical example 
of a G-torsor is the fiber of a principal G-bundle. 

^Actually, truth be told, we will face situations where the torsors Ti of effective superpotentials suffer 
global twisting analogous to the notion of "twisted vector bundles." We will return to this subtlety later 
in this overview. Mercifully, the Tij introduced in the next paragraph, corresponding to differences of 
superpotentials, will always be honest torsors. 
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• a;(7, 7i): These are the degeneracies of 2d BPS states in vacuum i on § with 4d 
gauge charge 7. Their definition is extremely subtle, for reasons explained in §3.5, 
and these subtleties show that the degeneracy also depends on the choice of 7^, that 
is, the "gauge choice" of superpotential on S, or equivalently, of the flux within the 
solenoid. The dependence on 7^ is affine-linear: 

w(7>7i + 7') = w(7,7j) + 0(7)(7,7'). (1.3) 

In addition to /U and co there are also generalizations of framed indices. Moreover, all 
these have further generalizations which describe the response of BPS states to rotation 
around the surface defect. This leads to a "spin 2d-4d wall-crossing formula," analogous 
to the "motivic" wall-crossing formula for vanilla BPS states. All of this is described in §4. 

All of our new BPS states and their indices undergo wall-crossing phenomena analogous 
to those already known for pure 2d and 4d theories. In §2.3 we state a precise 2d-4d 
wall-crossing formula for 2d-4d systems, whose existence was first suggested in [17]. Our 
formula combines and generalizes the previous wall-crossing formulae of Cecotti and Vafa 
[32] and Kontsevich and Soibelman [33]. The formula is a kind of "matrix generalization" 
of the Kontsevich-Soibelman formula. The degeneracies fj, are associated with certain 
finite-dimensional non-diagonal matrices, called 5-factors (equation (2.27)), while the 
degeneracies uj are associated with diagonal matrices of symplectomorphisms leading to /C- 
factors /C^ (equation (2.30)). Technically, these are automorphisms of a noncommutative 
algebra associated to the vacuum groupoid. They belong to a semidirect product of a group 
of matrix gauge transformations and a group of Poisson morphisms, acting on matrix- valued 
functions on an algebraic Poisson torus T* ® C^. After stating our wall-crossing formula 
in §2.3, we systematically analyze its consequences in §2.4, and find that the 2d and 4d 
degeneracies influence each other's wall-crossing in intricate ways. (When we come to apply 
these identities to some physical examples we find that they lead to extremely rich spectra 
of BPS states even in basic examples like those of §8.3.) 

The 2d-4d wall-crossing-formula is a mathematically natural synthesis of the known 
formulae for 2d and 4d theories, but it remains to give it precise physical meaning and 
justification. The physical meaning of the relevant quantities that enter the formula has 
already been sketched above and is discussed in detail in §3. The justification for the 
wall-crossing formula can, as with the pure 4d case, be given in two ways: 

• First, one can study interfaces and their framed BPS states. As in [3], invoking the 
"halo technique" of [34, 3, 35], the consistency of the wall-crossing of the framed 
BPS indices implies the wall-crossing formula for the unframed indices /.t and oj. This 
story can be found in §4, which also draws on material in Appendices C and D for 
developing the halo picture. Moreover, §4 begins the development of a spin version 
of the 2d-4d WCF, although some details of that generalization remain to be worked 
out. 

• Second, one can compactify the theory on a circle and study the geometry implied 
by constraints of supersymmetry. 
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We now turn to a detailed discussion of the second justification of the 2d-4d WCF. 

This approach was developed for purely 4-dimensional theories in [1]. Let us briefly 
recall the reasoning here. The argument begins with the observation of Seiberg and Witten 
[36] that compactification of T^d on 'E? x produces an effective low energy sigma model 
whose target space is the space M of (1.2). Supersymmetry implies that A4. carries a 
hyperkahler metric. If the circle has radius i?, then when R is large the hyperkahler 
metric on M can be computed to exponentially good accuracy to be a semiflat metric. 
(See §2.4 of [1] or (6.23) below.) The existence of BPS states in the 4-dimensional theory 
leads, at finite but large values of to exponentially small corrections to this semiflat 
metric. The continuity of these corrections across walls of marginal stability in B implies 
the Kontsevich-Soibelman WCF. A key technical step in the argument is the observation 
that there is a distinguished set of coordinates 3^^ on A^, obeying the (twisted) algebra of 
functions on the algebraic torus T* (8) C^, in terms of which the holomorphic symplectic 
form on M. can be simply written: {3^^, 3^.^/} ~ (7, 'y')y^y.~^i. In particular, upon choosing a 
basis for F we obtain a system of Darboux coordinates on . It turns out that formulating 
the quantum corrections of BPS states to the semiflat geometry can be formulated as a 
Riemann-Hilbert problem whose solution is an integral equation for the y^. (See equation 
(5.21).) This equation is formally identical to the Thermodynamic Bethe Ansatz equation 
of Zamolodchikov and, although in general no known integrable system is associated to it, 
we will refer to this equation and its generalizations below as a TBA equation. 

The line of argument we have just reviewed can also be generalized to 2d-4d systems, 
and this we proceed to do in §§5 and 6, which follow in outline much of the development of 
[1]. We compactify 2d-4d systems by putting Tm on x as before, but now we wrap 
one of the dimensions of S on the circle to produce a 3d sigma model coupled to a Id line 
defect. The quantum mechanical system on the line defect has a vector space of ground 
states which define a vector bundle V§ over Ai. Constraints of supersymmetry demand 
that this vector bundle carry a "Berry connection" which is hyperholomorphic. The latter 
epithet means that the curvature is of type (1,1) for all of the complex structures of the 
hyperkahler manifold M. This is a generalization of the notion of an instanton on a four- 
dimensional hyperkahler manifold, which has been studied in the mathematics literature; 
see, for example, [37, 38, 39, 40, 41, 42]. Once again, the geometry simplifies in the semiflat 
limit i? — 7- 00. In this case each of the vacua i £ V[S] deflnes a single line bundle — )• 
and the Berry connection on V = (BiVi becomes a diagonal semiflat connection (equation 
5.4). The semiflat connection has a natural geometrical interpretation in terms of the 
relative Poincare connection on the fiber product of xg AJ over B. At finite R the 
semiflat connection receives quantum corrections from all our BPS states: the vanilla BPS 
states of Tld as well as the new ones with degeneracies oj and fi. For example, the corrections 
associated with /x come from the worldlines of solitons wrapping the circle in the cylindrical 
surface S. Once again, analogs of "Darboux coordinates" y^. and y-y.., can be introduced. 
As in [3] they can be interpreted physically in terms of expectation values of interfaces. 
They can also be interpreted geometrically as sections of V and Hom(F, V'), respectively, 
which are holomorphic in all complex structures. Finally, they satisfy a Riemann-Hilbert 
problem analogous to that in [1]. As in that case we can solve the RH problem through 
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a system of integral equations, (5.21)-(5.25), allowing us to construct and 3^^.^., as an 
expansion around the explicitly known semiflat sections (5.16). With these in hand we 
can go on to construct the hyperholomorphic connection, as explained in Appendix E. 
As in the case of the hyperkahler metric on 7W, the 2d-4d WCF follows as a consistency 
condition on the system of equations, (5.21)-(5.25), ensuring smoothness of the metric and 
connection. 

In [1] an important role in the physical argument was played by a local analysis of the 
quantum corrections coming from mutually local light BPS states. That analysis is repeated 
and refined in the case of 2d-4d systems in §6. A classification of the possible singularities 
due to mutually local massless 2d and 4d particles in a single vacuum i is spelled out in 
§6.1, which also contains a very explicit example of the construction of hyperholomorphic 
connections on periodic Taub-NUT space. We must point out that the argument of [1] 
also relied on a general analysis of anomalous Ward identities. The analogous argument 
for 2d-4d systems is omitted here, but we feel this gap can be easily filled. 

There is an interesting and important aspect of the geometry which has thus far been 
suppressed in this exposition. The bundles V§ are, strictly speaking, in general not bun- 
dles at all but rather "twisted bundles." These objects have been encountered previously 
by physicists, notably in the context of D-branes in the presence of -B-fields. There are 
analogous topological subtleties (also suppressed in our exposition thus far) related to the 
definitions of the charge torsors Fj. The essential point is that the monodromy of the 
superpotentials, or equivalently of the Vi sometimes turns out to be fractional, leading to 
ill-defined Aharonov-Bohm (AB) phases for test particles transported around the surface 
defect. These "anomalies" are discussed abstractly in §3.4.1 and illustrated concretely in 
§3.4.3. In the geometrical construction of Vg the twisting of Fj leads to a construction of 
twisted bundles over A^, as explained in §5.2.3. In order to have well-defined amplitudes 
we follow a strategy outlined in §3.6: By gauging a suitable finite abelian group of flavor 
symmetries we can twist the surface defects so that particles transported around them pick 
up compensating phases, leading to well-defined AB phases. The cancellation mechanism 
is described in detail in §3.6.2 and illustrated in a concrete class of models in §7.4. In 
addition, the relation of global symmetries of three-dimensional sigma models to S-fields 
and connections on twisted bundles is discussed in Appendix G, which might prove to be 
of independent interest. 

The somewhat abstract structure we have outlined is realized concretely in the theories 
of class S introduced in [43, 2, 44]. These are partially twisted (2, 0) superconformal theories 
compactified on M"^ x C, where C is a punctured Riemann surface and certain codimension 
two defects are inserted at the punctures. As in our previous papers [2] and [3] our later 
sections, §§7, 8, and 9, are devoted to the Ai theories of class S. We leave, yet once more, 
the full generalization to the higher rank cases for a future occasion. The theories of 
class S have the distinguishing property that the Seiberg-Witten moduli spaces M may 
be identified with moduli spaces of Hitchin systems on C. (See §7.3.) The Seiberg-Witten 
curve S is a ramified covering of C and is identified with the spectral curve of the Hitchin 
system, and thus sits in T*C . The Seiberg-Witten differential A is then the restriction of 
the canonical trivialization of the symplectic form on T*C. 
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As in [45, 2, 3] there are geometrical realizations of the new BPS states in terms of 
"WKB curves" or, more generally, "WKB networks." These are certain networks of curves 
on C, satisfying a first-order differential equation determined by A. See §7.1. The precise 
expression of the data of the 2d-4d systems discussed above in terms of the geometry of S, 
C, and WKB networks is explained in §7.2. As in [2] the basic phenomenon of wall-crossing 
can be understood in terms of the discontinuous change of WKB foliations of C, a topic 
discussed in §7.5. In 2d-4d systems there is a new wrinkle: Associated to a point z E C is a 
canonical surface defect Sz ■ (If we view theories of class S as decoupling limits of M5-branes 
on X C, then the surface defects arise from open membranes ending on S x {z}.) In 
addition to the dependence of our BPS states onu £ B we can also study their dependence 
on z £ C. There is wall-crossing, and certain special WKB curves known as critical WKB 
curves play the role of walls of marginal stability. Moreover, the "vector bundles" turn 
out to be the canonically defined universal bundles over Ai x C, restricted to z. Actually, 
as discussed in §7.3, they are in fact twisted bundles. The anomaly in AB phases from the 
twisting can be cancelled using the mechanism of gauging discrete flavor symmetries, as 
explained in §7.4. 

After explaining the general rules for understanding the BPS spectrum and its wall- 
crossing for Ai-type examples in §7 we proceed in §8 to look at some detailed examples. We 
first consider Argyres-Douglas type superconformal theories in §8.1. Even the most trivial 
examples lead to interesting wall-crossing of framed BPS states, as shown in §8.1.1. Many 
generic aspects of 2d-4d systems are nicely illustrated in the relatively simple example of 
the N = 2 AD theory in §8.1.2. In particular, this carefully worked example illustrates the 
compatibility of the 2d-4d wall-crossing formula with the monodromy of the local systems 
Vij. Indeed, one could use the 2d-4d wall-crossing formula to derive the monodromy of the 
local system, without going through the difficult task of analytic continuation of periods! 
In §8.1.3 we briefly look at 2d-4d wall-crossing for AD theories with N > 2. We argue 
that, while the spectrum of BPS states can be very intricate, the essential qualitative 
wall-crossing phenomena have already been captured in the examples with small N. In 
§8.2 we turn to the pure two-dimensional CP^ sigma model, where we gain new insights 
though the four-dimensional theory is empty. In particular, we reproduce known results 
on the BPS spectrum of this model [21] and clarify the relation of the marginal stability 
phenomena in this model to those occurring in four-dimensional SU{2) theory. Indeed, 
this two-dimensional example is a useful warmup for the analysis in §8.3 of the CP^ model 
coupled to the four-dimensional SU (2) theory without matter. Even this relatively simple 
example turns out to be rather nontrivial. There are two parameters which control the 
BPS spectrum: u, which controls the strength of the four-dimensional coupling, and z, 
which controls the strength of the two-dimensional coupling. The BPS spectrum is a very 
complicated function of {u, z) and we require the full power of the 2d-4d WCF to conquer it. 
When u corresponds to strong 4d coupling the BPS spectrum is finite, and, as a function 
of z, is similar to what one finds in the AD theories. However, when u corresponds to 
weak 4d coupling the spectrum depends sensitively on z. When z corresponds to strong 2d 
coupling there are infinitely many walls of marginal stability and infinitely many chambers 
with different soliton spectra. In each chamber the soliton spectrum is finite, but there is 
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no upper bound on the spectrum. When z corresponds to weak 2d coupUng there is an 
explosion in the complexity of the walls of marginal stability: there are countably many 
such walls, but uncountably many chambers. It would be very interesting to check these 
predictions with a weak-coupling field theory analysis. 

An application of our work is an algorithm for solving Hitchin's equations (7.13), 

F + =0, 

Qa^ = 0, (1.4) 

dA^p = 0, 

with rank 1 gauge group on a punctured Riemann surface C. (See §7.3 for notation.) 
One begins with the spectral double cover + 4>2{,z) = 0, where (f>2{z) is a meromorphic 
quadratic differential on C . From the analysis of WKB curves described in §7, (or, in 
principle, using the spectrum generator (7.38)) one derives the BPS spectrum // and uj. 
Then one writes down the integral equations of §5.6. At large values of R the integral 
equations can be solved by a rapidly convergent iteration. Then, as explained in §9, 
one expresses the solutions to the integral equations as solutions to the linear problem 
(d + A)"^ = 0, where A is given by (7.15): 

A = A + RC^. (1.5) 

From ^ one can determine A, and from A one clearly obtains a solution to the Hitchin 
equations. It would be a very useful and interesting check on our logic to work through 
this algorithm in some explicit examples. We have not yet done this. 

We have indicated just a few of the possible future lines of inquiry in §10. We have 
said this before and might say it again: Despite the length of this paper, we feel we have 
just scratched the surface of our topic. Time and again, the reader, who will require 
stamina and dedication to read what follows, will find that we are forced to call a halt to 
an interesting line of exploration, leaving unexplored fertile fields for future cultivation. 

2. Formal statement of wall-crossing formulae 

In this section we will formulate a new wall-crossing formula which combines features 
from both the Cecotti-Vafa wall-crossing formula for 2d (2, 2) theories and the Kontsevich- 
Soibelman wall-crossing formula for 4d A/" = 2 theories. 

2.1 The 2d Cecotti-Vafa wall-crossing formula 

The data which enters the CV wall-crossing formula is a finite set V, a "central charge 
function" Z : V — )■ C, and a "degeneracy" /ijj G Z associated to any pair i,j £ V with 
i ^ j- A physical interpretation of these data will be discussed in §3, where elements of V 
will be identified with vacua in an AA = 2 supersymmetric 1 + 1 dimensional QFT. 

We consider the function Z as allowed to vary, and the /ijj as functions of Z, i.e. of 
the values Zi for i G V. The dependence of the ^ij on Z is piecewise constant: they are 
only allowed to jump when Z crosses a "wall of marginal stability," where the values Zi, 
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Zj, Zk for i, J, k distinct become collinear as points of C. The precise way in which the 
IXij jump as Z crosses such a waU is dictated by the wah-crossing formula, which we now 
describe. 

We begin by introducing formal variables Xi and Xij, with the rule that Xij acts by 
left-multiplication on the Xi as 

XijXk = Sjk^i- (2.1) 

(One could easily realize these product laws in terms of explicit matrices, but our abstract 
notation here will be convenient for the rest of the paper.) Then we define the "5- factor" 
S^j to be a transformation which acts on the as left-multiplication by 1 — fiijXij, i.e. 

<Sij : Xk — > Xk — 6jkfJ.ijXi. (2.2) 

Next, to each pair with fiij 7^ we associate a "BPS ray" iij in the complex plane, 
with slope given by the phase of Zij := Zi — Zj: 

iij = ZijM_ C C. (2.3) 

Now choose some convex angular sector < in the complex plane, with apex at the origin. 
The basic actor in the wall-crossing formula is the composition A(<) of all the 5-factors 
corresponding to BPS rays lying in <: 

=■ n ■ ■ (2.4) 

Here the normal-ordering symbols mean that the product is ordered by the phase of Z^j, 
i.e., reading from left to right in the product we encounter the factors associated with the 
BPS rays £ij successively in the counterclockwise direction. See Figure 1. The statement 




Figure 1: The definition of A{<) as a product of 5-factors associated to the BPS rays £ij. 

of the wall-crossing formula is: vl(<) is constant under variation of Z, as long as no BPS 
rays cross the boundary of < . 

Let us see how this WCF works in practice. Suppose we have three rays ^jj, lik-, ijk 
which are close together in the complex plane, ordered say counterclockwise (with i, j, k 



-12- 



pairwise distinct). Choose the sector < to include these three and no others. Now suppose 
we vary Z until we reach a wall of marginal stability, where Zij and (and hence Zj^) have 
the same phase. Upon crossing this wall the rays switch from counterclockwise 

to clockwise ordering. Then the WCF says we should compare the composition S^jS^^^S^^ 

on one side of the wall and S^^JS^^S^^ on the other side: 

= 1 — fiijXij — (/Xjfc — fiij^jk)Xik — fijkXjk, (2.5) 
^'ju^ik^ij = (1 - fJ''jkXjk){l - ^ifc^ifc)(l - tJ-'ijXij) 

= 1 - HijXij - fi'ikXik - fi'jkXjk- (2.6) 

Hence we find 

f^ij = fJ'ij, (2-7) 

fJ-ik = f^ik - fJ-ijlJ'jk, (2.8) 

^ifc = Hk- (2-9) 

This is precisely the wall-crossing formula of Cecotti and Vafa [20]. A simple example is 
IJ'ij = fJ'jk = IJ'ik = 'i-, which gives /i-^- = fi'j^ = 1 but /U-^. = 0. 

Since fiij enters the wall-crossing formula only through fiijXij it is sometimes useful to 
give an equivalent presentation of the wall-crossing formula, where some signs are shifted 
from the to the definition of Xij. 

2.2 The 4d Kontsevich-Soibelman wall-crossing formula 

The data which enters the KS wall-crossing formula is a lattice F of "charges" with an 
integer- valued bilinear antisymmetric pairing (•,•) (the "intersection product"), a central 
charge function Z : F — )■ C, linear on F, and a set of "degeneracies" $^(7) S Z associated 
to charges 7 G F. 

As in the 2d case, the ^^(7) depend on the function Z in a piecewise constant fashion. 
They may jump only when Z crosses a "wall of marginal stability" where the phases of 
Z-f and Zy for two linearly independent 7, 7' become aligned. The wall-crossing formula 
dictates precisely how the r2(7) jump when Z crosses such a wall. 

In order to formulate the wall-crossing formula it is useful to introduce formal variables 
Xy for 7 £ F, with a twisted multiplication rule 

XyXy = (-l)<^'^'>X^+y. (2.10) 

Then we introduce the "/C-factor" /C^, which acts on the Xy by^ 

K.^ : Xy ^ (1 - X^)<^''^>^WXy. (2.11) 

^In previous papers on the subject we defined IC-y directly rather than K.^. We do not do this here 
because K-y itself does not have a natural extension to the 2d-4d setting; ICj turns out to be the more 
natural object. 
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To each 7 such that ^^(7) 7^ we associate a "BPS ray" in the complex plane, with 
slope given by the phase of Z^: 

= Z^M_ C C. (2.12) 

The basic actor in the wall-crossing formula is the composition ^(<) of all the /C-factors 
corresponding to BPS rays lying the sector < of the complex plane: 

A{<) = : n ^7- • (2-13) 

7:^T.C< 

As in the 2d case, the ordering is such that if l^^ , i^^ are in counterclockwise order then 
/C^^ is to the left of /C^^- The statement of the wall-crossing formula [33] is: A{<) is 
constant under variation of Z, as long as no BPS rays cross the boundary of <. All this is 
completely parallel to the 2d case. 

For convenience of our discussion in §§7 and 8 we now give two standard examples of 
this wall-crossing formula in action. Consider the simple situation where we begin with 
two BPS rays £^ and with ^2(7) = ^1(7') = 1, and no BPS rays lying between H.^ and 

Then we adjust Z until the two BPS rays collide and cross one another. After the 
collision we will have a more complicated set of BPS rays and degeneracies. What we get 
precisely depends heavily on the value of (7, 7'). First, suppose (7, 7') = 1. In this case we 
have 

where ^^'(7) = ^^'(7') = ^^'(7 + 7') = 1- This identity is simple enough to be checked 
directly; just consider the action of /Cy/C5^, 

{X^; X_y) 7- (X^; X_Y -\- X^_^') {X^ + ; -\- X^_y -\- X^), (2.15) 

and compare it with the action of /C^'/C^^^,/Cy', 

[Xj] A"_^/) I— >■ {Xj + X^^ji] X_^i) I— >■ {X^ + X2-y-i^^' + X^j_^i] X_ryi + X^') 

I— >■ {Xj + X^^j'] X_y + X^_ji + X^). (2-16) 

The fact that the two agree is equivalent to (2.14). For a more interesting example, suppose 
instead (7, 7') = 2. Then 

7 7 ~ 7 '^27+7' '^37+27' ■ ■ ■ ^^7+7' ■ ■ ■ '^27+37' '^7+27' ^^7' \'^-^' ) 

where VL'{{n + 1)7 + n^) = n'{nj + (n + 1)7') = 1 for all n > 0, 17' (7 + 7') = -2. This 
identity is less trivial to prove; see Appendix A of [1] for an elementary proof. 

2.3 The 2d-4d v^all-crossing formula 

Now we are ready to give the new wall-crossing formula which is the subject of this paper. 
It combines the features of the wall-crossing formulae of §§2.1 and 2.2, but it involves some 
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new features. Heuristically, it is a kind of "fiber-product" of the two previously known 
wall-crossing formulae. 

Our data include both the finite set V and the lattice T with integral antisymmetric 
pairing (•,•). In addition, we will need new charge "lattices," an extension of the central 
charge function to these "lattices," a new set of BPS degeneracies, and, finally, a new 
Z2-valued twisting function. The physical interpretation of these data is explained in §3. 
We now describe the new data more precisely. 

The first piece of new data is a set of distinct T-torsors Tj, one for each i G V. We 
will usually use the notation 7^ to denote a generic element of Fj (but the reader should 
be warned that on several occasions 7^ will refer to some special or specific element of Fj). 
Each Fj is both a left- and right- F-torsor, with 7 -|- 7i = 7i -|- 7. 

We also introduce additional sets Fjj, defined as follows: an element jij S Tij is a formal 
difference ^i—^j of elements of Fj and Tj, modulo the equivalence (7i+7) — (7^+7) = ^i—lj- 
Tij is again a F-torsor, with 7 -|- 7jj = 7jj -|- 7. A convenient notation for this definition is 



One can identify Fjj canonically with F, and it will sometimes be convenient to do so. 
Then, to an element 7ij € Fjj we can associate a unique element (— 7ij) € Fjj so that 

lij + {-lij) = e Fjj. 

There are naturally defined addition operations Fjj x Fj — )• Fj and Fjj x Fj^ — t- Fj^. 
We will write these operations as -|-, thus 7jj -|- 7j € Fj, but the reader should be warned 
that -|- is not symmetric; for example, 7j -|- 7jj is not defined when i 7^ j. 



Figure 2: A partial depiction of the groupoid V, in case V has three elements, here labeled i, j, k. 
Each morphism space is a torsor for F, of which we have shown only a single element. 

*This leads to the slightly awkward notational point that is not zero. It is generically ji — 'y[ where 
7i,7j' are both in Fi, i.e. it is a generic element of F. 



Fjj — Fj Fj. 



(2.18) 
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The situation is nicely summarized by declaring that the first piece of data is a groupoid 
V with the following properties. For each i G V, V has a corresponding object. The set 
of morphisms Hom(i, j) from i to j is a F-torsor and identified with Fjj. The composition 
of morphisms is given by the addition laws we have written above: In addition there is 
one more object denoted o,^ making V into a pointed groupoid. We identify Hom(i, o) = 
Fj. Note that Hom(o, i) is another torsor which gives independent meaning to elements 
— 7j G — Fj so that 7i + (— 7j) S Fjj. Thus, e.g. the composition of 7j G Tj = Hom(j, o) 
and jij G Tij = Hom(i,j) is 7ij + G Fj = Hom(i,o) while —ji + ^ij G — Fj. The 
automorphism group Hom(i,i) of each object (including i = o) is canonically isomorphic 
to F. See Figure 2. 

Our second new piece of data is an extension of the central charge function Z from 
F to all the Fj, which is compatible with the F-action. Thus we have Z : UiFj — )■ C 
which is affine-linear in the sense that Z-y^^- = Z^ + Z^.. Once we have this extension, 
we automatically get a further extension of Z to the Tij, namely, if jij = 7i — jj then we 
define Z^^. := Z^. — Z-y.. Then we have 

Za+b = Za + Zb (2.19) 

whenever a + b is defined. (Here and below, we use the notation a,b,c, . . . in statements 
which are true when a,b,c, . . . are valued in any of F, Fj or Tij.) In the categorical language 
mentioned above, giving Z is equivalent to giving a homomorphism from the groupoid V 
to C. 

Our third new piece of data is a new collection of "BPS degeneracies" . As in the 4d 
case we have "4d degeneracies" ^^(7) G Z for 7 G F. It is convenient to define a function 
w : F X F ^ Z by 

a;(7,7') :=^^(7)(7,y>- (2-20) 
We then introduce new "mixed degeneracies" uj : F x IljFj — )■ Z, subject to the condition 

^^(7, 7i + 7') = ^(7, 7.) + f^(7)(7, 7'>- (2.21) 

(Because of this condition, a;(7, •) is determined once we give a single a;(7,7i) for each i.) 
We also define u iT x UijTij — )• Z by 

^^(7, 7i - 7j) := ^(7, 7i) - ^^(7, 7j)- (2-22) 

Then for any two "charges" a, b, each belonging to F, Fj, or Tij, we have 

uj{-f,a + b) = uj{j,a) +u{j,b) (2.23) 

so long as a+b is defined. In the categorical language, for each 7, giving uj{'y, •) is equivalent 
to giving a homomorphism V — ^ Z. 

Turning to 2d particles, we do not simply take over a set of "2d degeneracies" fiij G Z 
as in the pure 2d story: rather we promote these to a set of fJ^ijij) G Z, defined for each 
7jj G Tij where i ^ j. 

will correspond physically to the "empty surface defect." 
^"in some situations we should relax the requirement that cj is Z- valued; see the end of this subsection. 
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As in the pure 2d and 4d cases, the BPS degeneracies fi, u depend on Z, but this 
dependence is completely determined by a wall-crossing formula, to be stated below. 

Our fourth, and final, piece of data is a "twisting" function a{a,b), defined whenever 
a + 6 is defined, and valued in {±1}. We require a to obey a cocycle condition, 

a{a, h)a{a + 6, c) = a{a, h + c)cj(5, c). (2.24) 

In order to formulate the wall-crossing formula we introduce formal variables Xa, 
where, as above, a is an element of F, Fj or Fjj. We define a twisted multiplication rule: 

{cr{a,b)Xa+h if a 6 is defined, 

-^a^b — \ {I. lb) 

[0 otherwise. 

This product is associative thanks to (2.24). In general a+h and h+a are not simultaneously 
defined, so the product is noncommutative. However, li a + h and h + a are both defined 
we assume a{a,b) = a{b,a) so in this case XaXb = Xf,Xa- We will also assume that 
^(TjTO = (— 1)(7.7'> to insure compatibility with the pure 4d case. In the categorical 
language mentioned above, we are essentially considering the twisted groupoid algebra 

The wall-crossing formula controls the dependence of the BPS degeneracies fi and oj 
on Z. The degeneracies are piecewise constant as functions of Z. They jump only at the 
"walls of marginal stability" where the phases of Za and Z^ become equal for some pair 
(a, b) with a ^ b, where each of a, b separately belongs either to F or to some Fjj (with the 
proviso that if both a and b belong to F then they are linearly independent.) We define 
rays and i^^^. in the complex plane, with slopes given respectively by the phases of Z^ 
or Z^..: 

e^ = Z^R_, ey^^=Z^,^M_. (2.26) 

We call £-y a BPS K.-ray if uj{'^^ ■) 7^ 0, and likewise i-f^. a BPS S-ray if fi-y-^ 7^ 0. BPS 
degeneracies can jump only when Z is such that two BPS rays become coincident. 

As in the Cecotti-Vafa and Kontsevich-Soibelman WCF reviewed above, we will attach 
certain "factors" (automorphisms of C[V]) to the BPS rays. The factors associated to the 
5-rays , called "5-factors" and denoted 5^-^ , are defined by 

Si;^^ -.Xa^il- /i(7^,)^7..)^a(l + /^(7^,)^7..)- (2-27) 
In particular the 5-factor acts trivially on X-y and 

St;..:X,^^l^''' (2.28) 
I ^7j - ^ (7ii ) 0- {lij , 7i ) +7, k = j 



^^a is very similar to the data one would associate to a twisting of K theory on the groupoid V. However, 
although V is equivalent to {pt) //V as a groupoid, the extra structure of Z does not respect this equivalence 
of categories. 

'^^The X-y as defined so far do not strictly belong to C[V], but one can identify with ^ 



where each G Va (including i = o) is the one corresponding to 7 £ F. This identification is 
compatible with everything we will do below. 
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St;. . : ^ <^ ^ (2.29) 

which the reader should compare with (2.2). The factors associated to the /C-rays i-y, called 
"/C-factors" and denoted fC^, are defined by 

IC^I-.Xa^il- Xy)-^^^'''^Xa. (2.30) 

Note that when a = j' this transformation reduces to (2.11): this is the reason why our wall- 
crossing formula will reduce to the 4d wall-crossing formula as far as the 4d degeneracies 
Q are concerned. 

We can now state our new wall-crossing formula in a way closely analogous to the 2d 
and 4d cases. For an angular sector < we define an automorphism of the groupoid algebra, 

Ai<) = : n ^7 n ■ (2-31) 

where the normal ordering symbol indicates that the factors — be they of type /C or 5 
— are ordered so that reading from left to right we encounter factors associated with rays 
successively in the counterclockwise direction. Then the new wall-crossing formula says: 
A(<) is constant, as long as no BPS rays cross the boundary of <. 

In later sections of the paper we will describe physical realizations of this set of axioms. 
We will also encounter a slightly "twisted" version of them, which originates from the 
observation that one can consistently study the wall-crossing of the quantities /u(7jj), ^^(7) 
and a;(7,7jj) as Z^.^. vary, with no reference to the Z^-, uj{'y,^i) or even Fj. Indeed, in 
some physical examples, certain anomalies can prevent us from defining Fj, Z^., a;(7,7j) 
unambiguously, even though Fjj, Zj.., a;(7,7ij), fifciij), ^{l) are perfectly well-defined and 
satisfy the 2d-4d wall-crossing axioms. See §3.4.1 below. In these situations it appears 
to be appropriate simply to require integrality of the a;(7,7jj) and in fact it might not be 
possible to define a;(7, 7^) as integers. 

2.3.1 Automorphisms of wall-crossing identities 

If a is an automorphism or anti-automorphism of the groupoid algebra C[V] then, given a 
wall-crossing identity, we can conjugate the factors by a to produce another wall-crossing 
identity. 

The simplest example of this is to consider the transformation a{Xa) = {—lY'^Xa, 
which in general changes 0"(a, h) by a coboundary but will be an automorphism if Ca+b = 
Ca + Cf,mod2. In particular, if degeneracies /i, satisfy the wall-crossing formula then so 
do where 

Klij) = (2.32) 

for integer Cj. 

As a second example, consider the anti-automorphism of C[V] defined by a : Xa ^ 
X^a- (Note that if a + 6 is composable then {—h) + (—a) is composable, so a must be an 
anti-automorphism.) One can check that alC^a~^ = /C^^ and aSi;^-a~^ = <St^-j with 

M(7ii) = -K-lij), ^{1, a) = w(-7> -a), (2.33) 
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giving a second automorphism of the wah-crossing formula. 

In the physical realizations, the second automorphism above is closely related to CPT 
invariance. CPT takes a — >• —a, but also takes Z ^ Z, where Z is the central charge. 
Therefore, CPT reverses the clockwise ordering of BPS rays. On the other hand, given a 
wall-crossing identity, written as an equality of a certain word in /C and S factors with the 
identity operator, we may always take the inverse of that word to produce another identity. 
Then the order of the BPS rays will be reversed. Thus we may define the CPT conjugate 
of a wall-crossing identity as the one obtained by taking the inverse and conjugating by 



2.4 Examples 

In this section we give a few simple examples of wall-crossing formulae. The general wall 
of marginal stability occurs when a ray of the form 1^-^ becomes collinear with a ray of 
the form i^^^^. We can consider several examples according to how the indices i,j, k, I are 
related. 

First, if none of the indices i,j,k,l coincide, then the charges njij + rwyki are not 
defined, so there are only two BPS rays in the game. We associate two commuting 5- 
factors with these two rays, and the wall-crossing is trivial: 

^^A=« (2-34) 

with fi' = fi. 

Next, suppose there are three distinct indices and one pair of indices coincides. The 
cases j = k and i = I are related by wall-crossing, and in this case the wall-crossing 
formula is essentially identical to the pure 2d case: we must take into account a third BPS 
ray associated to the charge 'ju := jij + 7^7, and then we have 

5^.5^.5^, = K« (2.35) 

with fi'ijji) = ^i'{-fij) = and n'i-fu) = fi{-fii) - a{jij,jji)n{jij)n{jji). 

If instead there are three distinct indices with i = j 01 j = I, there cannot be a third 
BPS ray, and the commuting 5-factors pass through each other as in (2.34). 

Next, suppose there are three distinct indices and, say, i ^ j ^ k = I, so we can set 
7fefc = 7 G r. Now there can be intermediate rays associated to charges n-y + jij for n > 0. 
The wall-crossing formula then states that 

^7 n ^'..+n, = n <+n,< (2.36) 

where the range on n is from to +00 and the product Y\j^^ means that as we read from 
left to right n is increasing. ^'^ Applying this identity on the generators X^^ for k ^ j shows 
that a;'(7,7fc) = ^^(7,7^) for k ^ j and k 7^ —i. Then applying the formula to X^. we find 



^In fact, in this example the 5-factors actually commute with each other. 
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that in fact uj' = oj always and the (j! are determined in terms of uo and /i. To state the 
result it is useful to define 3, power S6ries in X^^'. 

^^^Mt^ (2.37) 

with a similar definition for S' ■. Then we have 

'J 

= Sij(l - X^)-'^(^'^'^). (2.38) 

A few special cases are worth noting separately. Suppose for example that we take 
f^iHj) — 1 9,nd u('j,'yij) = —1 with all other /x, uj vanishing. Then Tiij = 1, and (2.38) says 
= 1 — X-y-. SO (2.36) specializes to 

f^^.K = «+7^7' (2-39) 

where fJ.'i'jij) = 1, fJ-'ilij + 7) = —(^{lijil), and uj' = uj. We will use this example, in the 
form (8.2a) and (8.2b), extensively in §8. 

Let us now suppose that there are only two distinct indices, i.e. two pairs of indices 
coincide. There are three cases to consider. If we have i^.. collinear with iy , then since 
^ij ~ ~'~ ^ some 7 G r, it follows that Z-y or is collinear with Z^.^ , and we return 
to the case of (2.36). 

li i = j and k = I, then we have BPS rays £y and crossing for 7"^, 7^ € F. In this 
case all the BPS rays are /C-rays and the wall-crossing formula says 

n ^n-y^+m'y^ = JI ^n'y''^ +711^^ • (2.40) 



Here a{a,b) will have to be generic, as (7^,7^) can be odd. This will not affect the 
present calculation. Acting on X^ for 7 € F this reduces precisely to the 4d wall-crossing 
formula, and hence implies the same relations between Q and 0,' that we had in the pure 
4d discussion. As we have noted, though, uj and uj' contain a bit more information than 
Q and fi'. To determine the relation between uj and uj' we should act with both sides 
of (2.40) on some X-y-. For example, consider again the case we discussed around (2.14), 
where (7'^,7^) = 1 and ^{"f^) = ^^(7^) = 1, with all other ^2(7271 + m72) = 0. Then 
the 4d wall-crossing formula says that ^^'(7^) = ^^'(7^) = ^^'(7^ + 7^) = 1, with all other 
$7' (7171 + 77172) = 0. Suppose moreover that the only nonvanishing uj are uj{'-f^,-) and 
a;(7^, •). Then (2.40) is satisfied if and only if uj' are 

uj'{j\-)=uj{j\-), (2.41) 
uj'{j\-)=uj{-f^-), (2.42) 
w'(7' + 7',-) =^^(7\ 0+^(7', •) (2.43) 

with all other uj'{m'y^ + wy'^,-) vanishing. To prove this, first note that given (2.21) and 
our knowledge of and il.' , these relations are equivalent to the ones where • is replaced 
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by a single G Fj. Then choose 7? with uj{'^'^ ,^^) = a;(7^, 7^^^) = 0. (Concretely, such a 7^^^ 
can be produced by starting with any generic 7^ and then forming 7? = 7i — a;(7-^, 74)7^ + 
a;(7^, 7j)7^.) The check is then trivial, by comparing the action of both sides of (2.40) 
on X 0. In many concrete examples a similar trick can be employed: find a convenient 
reference vector in each Fj which simplifies uj. 

The third case with two distinct indices occurs when l^^. coincides with H.^.^. Note 
that 7ij + 7ji = 7 G r so that all the rays for + 727 and 7ji + 717 with n > coincide, 
and generically there are no other collinear BPS rays. The wall-crossing formula therefore 



{iji + n-i) {7ij- + 717} 




Figure 3: The configuration of BPS rays which participate in the wall-crossing formula (2.44). As 
we approach the wall, all of the rays shown here become aligned. On the other side of the wall their 
ordering is reversed. 



becomes 



7ij+"7 



(2.44) 



m=l 



n /• 



m=l 



Here we assumed 7 primitive, but the derivation goes through with minor modifications in 
the general case. The general solution of (2.44) can be given as follows. Applying (2.44) to 
X-y^. for A; 7^ i, j reveals that uj'{m'y,^k) = ^{jni-ilk) for A; / Now choose some 7^ G Fj 
and define 7^ := 7ji -|- 7^. Then applying (2.44) to X^. and Xr^. shows that 



n'i = Flj -I- cr(7jj,7jj)EjjSjiX^nj, 

(2.45) 



n;. = n,-a(7.„7,,)s^s;,x^n:, 

where we recall that Sjj was defined in (2.37) (with similar definitions for S'^-, Sji, S^J and 
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we introduced the notation 

oo 

Ui =YI{1- (2.46) 

m=l 

(with similar definitions for n^,!!^,!!^-.) Given and u, these equations determine /i' 
and uj' as follows. The first line can be viewed as an upper triangular set of equations for 
u}'{mj, ji), m = 1,2, ... . Once we know that, the next two equations determine ^' {'^ij+n^y) 
and f^'ijji + nj). Finally, the fourth equation determines u}'{m^,jj). In fact, it is easy to 
see that it determines 



u'{m-f,ji) +uj'{mj,'jj) = u;{mj,'ji) +uj{m'y,-fj). (2.47) 

If, as is often the case, we are only interested in the differences cj(-,7ij), then the transfor- 
mation formulae can be written more directly as a transformation reminiscent of modular 
forms: 

S^ = A-iS,„ (2.48) 
= A ^Sjj, 

where A := Uji + a{'yij,-fji)T.ijyjiX^. 

Two special cases of the above solution are worth noting: 



1. U a{'yij,-fji)T.ij'Sji = 1 and a;(7,7j) = w(7,7j) - 1 and a;(m7,7i) = u;{m'y,jj) = for 
m > 1, then we have 

with y'-j = T^ij, T,'j- = and w'(7,7i) = '^(7>7i) and a;'(7,7i) = u;(7,7j). 

2. If a;(7,7i) = a;(7, 7j) = and a;(m7, 7^) = uj{m^,jj) = for m > 1 and also 
a{-fij,-fji)yijT,ji = -1, then we have w'(7,7i) = -1, a;'(7,7j) = 1, u'{mj,ji) = 
uj'{m^,jj) = for m > 1 and 



S^=/i(7,,)(l-^7)"' 
S;, = /i(7,,)(l-X^)-^ 



(2.50) 



corresponding to 

= lK+n,<n<+n7- (2-51) 

Some physical realizations of this formula are discussed in §8.2 below. 



The cases where 3 or 4 indices i, j, k, I coincide are subsumed by the above examples. 
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3. A physical interpretation 

So far we have written out an abstract wall-crossing formula which we called the 2d-4d 
WCF. In this section we describe a natural physical setting where the 2d-4d WCF arises, 
and thus justify its name. The main idea is to study supersymmetric surface defects in 
d = A, J\f = 2 field theories. 

In §§3.1 and 3.2 we give basic definitions of the relevant surface defects in the UV 
theory. Then §3.3 discusses in detail the IR description of surface defects. The main 
upshot is to give a physical realization of the vacuum groupoid C[V] and in particular of 
the charge torsors Fj. Then §3.4 narrows the focus to certain classes of surface defects, and 
illustrates some important subtleties that can arise in trying to define the charge torsors Fj 
in important physical situations. These subtleties include certain "anomalies" which can 
prevent the surface defects from being physically sensible. In §3.5 we return to the general 
theory and give definitions of the BPS data ^ and u in our physical context. Finally, in §3.6 
we return to the potential anomalies in defining surface defects and illustrate an anomaly 
cancellation mechanism. 

3.1 Surface defects: kinematics 

We consider an A/" = 2 gauge theory in the presence of a surface defect S, satisfying the 
same conditions as spelled out in [17]. The surface defect is localized at = = 
in Minkowski space. In the ultraviolet it preserves a subalgebra of the superconformal 
M = 2 algebra. Similarly to the case of the line defects studied in [3], the preserved 
subalgebra is the fixed subalgebra of an involution. In this case we combine refiection in 
the x^-x"^ plane, i.e. a rotation by vr around the x^ axis, with a rotation by vr around 
some axis in "R-symmetry space." The bosonic part of the superconformal algebra is 
so(2,2) © so(2)i2 © {u{l)r © u{1)r), where the first summand corresponds to conformal 
transformations in the x^-x'^ plane, the second summand corresponds to rotations around 
the surface defect, and the third summand is a surviving ii(l)©u(l) from the sm(2) ©u(l)i? 
i?-symmetry with u{l)r C su{2). The u{\)r subalgebra is in general anomalous. In the 
conventions of Appendix A of [3], the preserved Poincare supersymmetries are Q\, Q2, and 
their respective Hermitian conjugates and Q^. 

Thus the surface defect preserves (2, 2) SUSY on its "worldsheet." The d = 4 super- 
multiplets can be decomposed into multiplets of this d = 2 {2, 2) superalgebra. Of central 
importance in what follows is that part of the d = 4 vectormultiplet can be used to define 
a twisted chiral multiplet for this superalgebra. See Appendix A for details. 

In the literature it is common to use the term "surface operator," but we believe 
that "surface defect" is a better name. It is true that a surface defect wrapping a compact 
Euclidean surface acts as an operator on the Hilbert space of the bulk theory. However, this 
operator carries less information than the surface defect itself. For example, the operator 
does not detect 2d degrees of freedom living at the defect which do not interact with the 
bulk theory. 

Finally, as in [17], we assume that in the IR the 4d Abelian gauge fields exhaust all 
massless degrees of freedom. In particular there are no massless degrees of freedom confined 
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to S. Throughout this paper we let n denote the number of vacua of S, and r the rank of 
the 4d gauge group. 

3.2 Examples of surface defects 

How can surface defects of the desired sort be described? 

The bulk vectormultiplet scalars restricted to a two-dimensional subspace transform as 
twisted chiral fields under the (2, 2) SUSY algebra (the bulk u{1)r becomes the axial u{1)a 
for the 2d SUSY algebra) . So one way to write a Lagrangian describing a surface defect is 
simply to build a twisted superpotential W out of these twisted chiral fields, and integrate 
it over two dimensions. Another way of defining surface defects is to introduce some purely 
2d degrees of freedom, with (2, 2) supersymmetry and some continuous global "flavor" 
symmetries. These degrees of freedom can then be coupled to the 4d theory as follows: 
the restriction of the 4d gauge fields to two dimensions gives 2d gauge fields, and we can 
use these gauge fields to gauge the flavor symmetries. In this case the 4d vectormultiplet 
scalars behave as twisted masses from the 2d point of view. 

Naively the W we use would have to be gauge invariant. However, there is an inter- 
esting alternative [6] . One can reduce the gauge group G at the defect down to a subgroup 
H whose center contains at least one U{1) factor (more properly, a "Levi subgroup"). For 
simplicity here let us consider just the case of a single U{1). One can then write a simple 
Fl-like twisted superpotential, linear in the U{1) part of the bulk vectormultiplet 

scalars: 

W = tuv^^^^^- (3.1) 

The effect of this superpotential can be conveniently expressed in terms of two real 
couplings {a, rj), the "Gukov-Witten parameters" [6]. They are related to tuv by 

iuv — ^uv ~l~ "'"uvCl^uv (3-2) 

where Tuv is the complexified gauge coupling in the U{1) we are considering. (If G is a 
simple group then T^^^ is just the coupling for G.) rjuv is a 2d theta angle coupled to the 
magnetic field in the U{1) factor, a^v fixes a boundary condition for the U{1) part of the 
gauge connection near the defect, of the form 

A^W~auvd9?, (3.3) 

where (/? is the angle in a system of polar coordinates in the plane transverse to the defect. 

So far we have implicitly worked with a cutoff field theory and not considered the 
constraint of UV completeness. Requiring the surface defect to have a good continuum 
limit turns out to be a significant further restriction. The twisted superpotential W, for 
example, has to have dimension 1, and hence can only be linear in the 4d vectormultiplet 
scalars: if the 4d theory is nonabelian, W cannot include even the simplest gauge invariant 
operators such as Tr <I>^. The Gukov-Witten defect just described gets around this problem 
by breaking the gauge symmetry, and does make good sense in the UV. Another possibility 
is to take a 2d (2, 2) theory which is defined in the UV (say, a gauged linear sigma model) 
and couple it to the restrictions of the 4d gauge fields. 
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In the original context of [6], = 4 SYM, both rj^^ and a^^ are periodic, but in the 
current context of surface operators in A/" = 2 theories the parameter space is modified by 
2d instanton effects controhed by a 2d instanton factor e^"^'*"". Since the couphngs run, 
and in particular Tuv goes to ioo, some renormalization is needed in defining t^v 

Finally, we should mention that the coupling of the surface defect to the bulk hyper- 
multiplets might also be important. Unfortunately, it is also poorly understood. When 
expanded in terms of 2d fields, the bulk hypermultiplets give rise only to chiral multi- 
plets, which cannot directly enter the twisted superpotential couplings which are usually 
the focus of our computations. Still, the bulk hypermultiplets can affect the definition 
and properties of the surface defect in the UV in more subtle ways. Basic examples based 
on brane constructions suggest that some extra discrete structure is hidden in the defini- 
tion of a "Gukov-Witten defect" in the presence of matter hypermultiplets. We will come 
back to some of these issues when we specialize to theories and surface defects with a 
six-dimensional construction, in §7 (see the introduction to §7 and §7.4). The possibility 
of gauging discrete flavor symmetries will play an important role. 

3.3 Low energy (IR) description of the 2d-4d system 

Now let us discuss what these combined 2d-4d systems look like in the IR. We begin by 
recalling the 2d and 4d stories separately and then explain how they can be combined. 

3.3.1 Massive 2d theories in the IR 

We begin by briefly recalling some of the physics of 2d A/" = (2, 2) theories with no massless 
degrees of freedom in the IR, and discrete vacua labeled by i = 1, . . . , n. 

In such a theory one can consider solitons which interpolate between vacuum i and 
vacuum j (fj-solitons for short). Such a soliton obeys a BPS bound of the form M > \Zij\, 
where Zy is the central charge, given by 

Zij = Wi- Wj (3.4) 

where Wj and are the values of the IR superpotential in vacua i and j respectively. In 
particular, BPS ij-solitons have mass exactly \Zij\. 

If the theory includes flavor symmetries, then there is a generalization of the above, 
which will play an important role in this paper: in addition to the topological charge de- 
termined by the pair (i, j) of vacua, particles can carry charge under the flavor symmetries. 
Letting 7 denote an element in the lattice T of flavor charges, the total charge of a particle 
is given by a triple (i,j, 7). 

We now introduce a bit of superfluous-looking notation which will be very convenient 
when we treat coupled 2d-4d systems: we let Tij denote the set of all charges 7ij = {i,j,'y). 
Of course, Tij is trivially isomorphic to F, via the map 1— )• 7. 

Once we have flavor symmetries, the theory can be deformed by "twisted masses" [24], 
whose IR effect is to change the central charge to 



Z^. . = - + m • 7, 



(3.5) 



where m is some linear functional on F. Twisted masses can be rather important for the 
physics of a 2d system. For example, in the presence of twisted masses we might have BPS 
ii-solitons (or more simply "BPS particles in vacuum i"), carrying only the flavor charges. 
These particles play an important role in the wall-crossing phenomena. This contrasts 
with the behavior of 4d particles with pure flavor charge, which are invisible to the 4d IR 
dynamics and wall-crossing. 

When we consider 2d-4d coupling, we will find an analogous but more intricate situa- 
tion, where the lattice F includes 4d charges as well as 2d flavor charges. 

3.3.2 4d gauge theories in the IR 

We now quickly review some standard facts about the IR behavior of 4-dimensional M = 2 
gauge theories. 

The vacua of the 4d theory are parameterized by the Coulomb branch B, an r- 
dimensional complex manifold. (Other branches of the moduli space will play no role 
in our discussion.) For a generic vacuum u £ B, there is an unbroken abelian gauge group 
^ab — U{1Y . There is a "singular locus" in B where the description in terms of pure Ga.h 
gauge theory breaks down; let B* be its complement. There might also be a continuous 
group of flavor symmetries; for generic values of the mass parameters of the theory, this 
flavor group will be of the form U{l)'^f M 

There is a local system of lattices T ^ B* , of rank 2r + Uf. F is the "charge lattice" 
of the theory. It arises as an extension 



where Tf and F^ are respectively the lattices of charges under the continuous flavor and 
gauge symmetries. Fj is fibered trivially over B*, but Tg generally is not: the gauge 
charges can experience monodromy — )• M^'jg), for some M G Aut(Fg), under parallel 
transport around a nontrivial loop in B*. Moreover, the sequence (3.6) can be split locally 
but perhaps not globally. What this means in more physical terms is that the splitting 
of a charge 7 into flavor and gauge charges, 7 = 7/© 7g, is not globally well-defined: 
monodromy around a loop in B* takes 7/ — )• 7/ -|- A^(7g) for some G Hom(Fg, Tf). These 
phenomena were noted already at the birth of Seiberg-Witten theory [26] . 

The lattice F^ is equipped with the Dirac-Schwinger-Zwanziger pairing of electric and 
magnetic charges: this is an integral, anti-symmetric, monodromy invariant pairing which 
we write as (•,•). We will assume that F^ is self-dual under this pairing.^® We define 
an integral antisymmetric pairing (•, •) on F, whose annihilator is the sublattice Fj, by 
projecting both arguments to Tg and using the nondegenerate pairing on F^. 

'^^In general, the full flavor group could have several disconnected components. We elaborate on that in 



^^As explained in [3] this should be taken to be the lattice of all IR charges Fl where L ranges over a 
maximal set jC of mutually local line defects in the theory. This lattice was denoted Tc in [3]. 

^"This assumption can be justified in Lagrangian JV — 2 theories at weak coupling. See in particular 
equation (2.13) of [3]. We believe it could be relaxed with some minor adjustments to our analysis. 




(3.6) 



13.6.1. 
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When writing local formulae it is often useful to choose a symplectic basis e/ , for 
Tg, with (e^,ej) = 6^j, I, J = l,...r. We then write IR gauge charges 7^ G Tg as 
7s = P^e-l + Ql^^, with , qj G Z. 

An essential piece of IR data in the 4d theory is a globally defined section Z £ 
Hom(r,C), known as the central charge function. For each local section 7 of T, we thus 
have a function Z^ on a patch of B* , obeying 

Zy^^' = Z^ -\- Z^' . (3.T) 

BPS states of charge 7 have mass \Z.y\. 

The Z^j. for jf £ Tf are actually constant functions on the whole B* . They can be 
organized as Z^^. = m • 7^, where m is a (u-independent) complex- valued linear functional 
on T f, i.e. m G T*^'^^'^- ^ is determined by the choice of mass parameters in the theory. If 
we choose a duality basis and a splitting of (3.6), we may decompose 7 = p^ej + qje^ + 7j, 
and correspondingly write 

Z^{u) = p^aD,i{u) + qia\u) + m--ff, (3.8) 

for some local holomorphic functions and a^j. 

As fi varies in B, Z{u) varies in a Lagrangian subspace of T* C. Once a duality 
basis has been chosen, we can write a local generating function J-{a^) for this subspace 
(also known as a prepotential) , i.e. we have the standard relation 

an, = ^. (3.9) 

The a^ have a simple physical interpretation, as follows. Having chosen a duality basis 
over some patch of B* , we have also fixed a specific Lagrangian description of the effective 
IR theory in that patch, as a UiXf' gauge theory. The are the vacuum expectation values 
of the scalar components of the r vector multiplets appearing in this Lagrangian. The 
Lagrangian can be written explicitly as 

s= I d^ed^xT 

■' . r (3.10) 

= / i^iJ^' *^^ + XijF'F-^ - YjjD' ★ D^) + • • • 

where in the first line F is evaluated on the superfields corresponding to a^ , in the second 
line we have dropped terms which will not be used in explicit computations below, and the 
matrix functions X, Y of a^ are the real and imaginary parts of the coupling 

rij = ^^ = Xjj + iYjj. (3.11) 

da--' 

The auxiliary fields form an su{2)ji triplet. Since we will eventually add a surface 

defect which breaks su(2)r — t- u{l)r, one component, namely DI2, is distinguished, and is 
denoted above simply by . 
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3.3.3 2d-4d theories in the IR: Local picture, Gukov-Witten parameters, and 
the torsors Tij 

Now we discuss the IR structure of the combined 2d-4d system. 

A vacuum for the combined system is determined by a pair (u, i) of a point in the 
Coulomb branch B of the bulk 4d theory and a vacuum for the surface defect. In a 
neighborhood of any specific {u,i), it is possible to write an IR Lagrangian for the system 
in terms of a holomorphic prepotential J- and a holomorphic twisted superpotential Wj, 
extending (3.10): 

S = j d^9 d^x dx^ dx° Wi + c.c.^ . (3.12) 

The amount of supersymmetry we have here also allows unprotected D-terms integrated 
over the defect. We will restrict ourselves to considering objects which depend on the 
twisted F-terms only."'^'' 

The twisted superpotential Wj is a function of the associated twisted chiral multiplet 
T, defined in (A. 4). It might also depend on the mass parameters of the 4d theory, and 
possibly extra twisted mass parameters associated to flavor symmetries of the UV surface 
defect. Indeed, some flavor charges might well be carried only by the 2d degrees of freedom, 
and be absent in the 4d theory. The corresponding mass parameters are twisted masses. 

Notice that Wi might become singular (and the simple Lagrangian description break 
down) at new singular loci in B* , where the 2d physics becomes more intricate. We will 
from now on redefine B* to exclude these loci. 

One important place where the twisted superpotential plays a role is in the physics of 
BPS solitons. So let us consider an ij-soliton. We introduce the symbol jij for its total 
charge, and let Tij denote the set of all possible charges ■jij. As we reviewed in §3.3.1, in a 
pure 2d theory one could decompose any into the "topological charge" (i, j) plus a pure 
flavor charge 7. Here we have a similar story: jij can be decomposed into the "topological 
charge" (i,j) plus a charge 7, which now can include 4d gauge charge as well as flavor 
charge. BPS solitons obey a mass formula of the form M = \Z\, with Z written as a sum 
of two pieces (cf. (3.5)): 

Z^^^=Wi-Wj + Z^. (3.14) 

However, in contrast to the pure 2d case, we will discover momentarily that the map from 
Tij to r taking ■jij 1— )• 7 is not canonically defined, and neither is the decomposition (3.14). 

Let us try to understand the precise relation between Tij and T. Suppose we bring 
a bulk line defect, with some charge 7', close to a soliton with charge jij. When viewed 
from a long distance the resulting object looks like a soliton carrying charge 7' + 'jij; so 
there is an addition operation T x Tij — )■ Tij (and similarly in the other order). Moreover, 
bringing an ij soliton and a jfc soliton together shows that there is an addition operation 

^''The F-term integration measure can be written a bit more covariantly as the four-form in superspace 

nijd9ide^^{C^^,,y'^dx''dx'', (3.13) 
where /, J are SU{2)r doublet indices and nij is the direction of the u{l)v subalgebra in SU{2)r. 
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Tij X Tjk — 7- Tik. Finally, consider "ii solitons," i.e. particles in the vacuum i. If we have 
such a particle we may put it onto a surface defect in vacuum i with its spatial direction 
compactified. At long distance we can neglect the circumference of this cylinder; it thus 
looks like a line defect, so the charge it carries must lie in T (which by definition is the 
lattice of all charges of line defects in the 4d theory). So we conclude that Ta is naturally 
isomorphic to F, for every i. It follows that each Tij is a torsor for F.^^ The reader should 
note well that the properties of Tij we have just verified are exactly the ones which were 
used in formulating the 2d-4d WCF in §2.3. 

We emphasize that in the above the charge 7 might include flavor contributions as 
well as gauge charges. In particular it might include charges for flavor symmetries which 
act only on the surface defect S, not on the 4d theory. We always extend the lattices Tf 
and F to include such 2d flavor charges as necessary; then includes the corresponding 
contribution from twisted mass couplings on S. 

The charges measured by Fjj are the same kind of charges measured by the bulk charge 
lattice F (they would be obtained by integrating the appropriate currents). From this point 
of view the difference between Tij and F is only that the charges in Tij need not be properly 
quantized. In other words, there is an embedding Tij C Fjr; so Tij looks like a shifted copy 
of the charge lattice F. 

Now we should explore some consequences of the Lagrangian couplings (3.12). Very 
similarly to (3.9), differentiating Wi once yields 

^^^1 = tj =: r]i + Tija-^ , (3.15) 

where rii,a^ are real functions of the a^, and we suppress their i-dependence. We claim 
that these parameters should be viewed as coordinates in a symplectic vector space, so the 
object 

u := a^ei + rjie^ (3.16) 

is duality invariant. Moreover, we claim that a^,r]j should be interpreted as IR Gukov- 
Witten parameters for the surface defect. 

In order to establish our claims we introduce the duality invariant gauge field F = 
ejF^ + e^Gj (where e/,e^ are a symplectic frame as introduced in §3.3.2). Then the 
relevant terms in the action (3.12) can be written as 



+ J dxW {{rji + Xjja^)F^3 + a'YuiF^^ " D-^)) ■ 



(3.17) 



The equations of motion following from (3.17) admit a cylindrically symmetric solution 
F/2 = 27r5a^ and -Fq3 = 0, where 6 := 6{x^)S{x'^). This implies that determines the 

^*To see this, just choose any 'jji £ Fji: then we get a map Fij — > Fa = F defined by adding jji, which 
is injective and commutes with the F actions on both sides. 

^^We emphasize that this is true whether or not the surface defect was defined as a Gukov-Witten defect 
in the UV. Moreover, even if it were so defined, the UV Gukov-Witten parameters are very different from 
the ones we see in the IR unless everything is weakly coupled and instanton corrections are suppressed. 



-29- 



holonomy of the gauge field according to tlie Gukov-Witten prescription. Moreover, 
properly dualizing the gauge field in the presence of electric sources gives 



(3.18) 



Go3/ = -yijFi2 - ^ijFL + 2^517ja^, 
and hence the duality invariant gauge field is 

Fi2 = iTxbv, (3.19) 

with all other components Fm„ = 0. In particular, r]i determines the holonomy of the dual 
gauge field A^^i. Integrating out the auxiliary term and substituting the solution (3.19) 
one finds that the on-shell action is "precisely zero, thus showing that the configuration is 
in fact supersymmetric. Thus, in the IR the surface defect appears to be an infinitely thin 
solenoid with field configuration (3.19). 

3.3.4 Superpotentials and their shifts: the torsors Fj 

We must stress that the Gukov-Witten parameters used in (3.15) and (3.19) are real valued 
rather than periodic, that is, is a local section of FgCgiM over B* . This raises an apparent 
puzzle since large gauge transformations outside of the solenoid induce shifts 

iy^iy + -fg (3.20) 

with 7g G Fg, and hence our superpotentials are not gauge invariant. 

Usually, the shift (3.20) is not considered a puzzle. It is usually said that the physical 
effects of the solenoid are only measurable through Aharonov-Bohm phases of test particles 
transported around loops linking the solenoid. Recall that the wavefunction of a test 
particle with charge -y^^^^ which is adiabatically transported around the surface defect 
picks up a phase e'^'^^^'^'^a ) where 7**^*^* is the projection of -y***^* in (3.6).^° Of course, the 
Aharonov-Bohm phase determines (a^, rji) only up to shifts (a^, rji) — >• (a^ + ,r]j + nj) 
with ,nj € Z, or equivalently up to (3.20). 

In our story, by contrast, we need G F^ (8) M and by (3.15) it follows that the shifts 
(3.20) correspond to shifting Wi — > Wi + n/o^ + m^aDj, i.e. 

Wi^Wi + Zy (3.21) 

where we have now lifted -y'g S F^ to some 7' G F, i.e. we have included a further possible 
constant shift coming from the flavor charges. The resolution of the apparent puzzle is 
that a specific choice of superpotential is like a specific gauge choice. 

How does this ambiguity of Wi affect the central charge functions as given in (3.14)? 
For a fixed charge 7jj, Z-y.. is a physical quantity which should have no ambiguity. The 
shift (3.21) leaves Z^^. invariant only if it is compensated by shifting the 7 in (3.14) by 
7 — )■ 7 — 7'. This makes sense: by shifting 1/ we are changing our prescription for the flux 



^"Por the moment we are assuming that test particles carrying pure flavor charge, 7 = 7/, do not pick 
up any phase; we will loosen this restriction in §§3.3.6 and 3.6.1 below. 
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through the solenoid, but the flux sourced by the BPS sohton outside the solenoid should 
be invariant, so we need to shift the (quantized) total flux. This shift explains our earlier 
remark that the map from Tij to T which takes jij i— t- 7 is not canonical: it depends on 
how we choose to flx the ambiguities of Wj and Wj . 

If one is considering the physics of massive BPS particles charged under the abelian 
gauge flelds, the shifts (a^,r//) — )• {a^ + m^,r]j + rij) change the boundary conditions for 
the wavefunctions of the charged particles at the solenoid. We discuss the consequences in 
more detail in §D. 

The precise form (3.21) of the ambiguity of Wi suggests a notation which will turn out 
to be very useful below. We let Pj be a set parameterizing possible choices of Wj. Then 
for any 7^ S Pj, we denote the corresponding Wi as Z^^. The possibility of a shift (3.21) 
then just means that for any 7j S Pj and 7 G P we can define a new object 74 + 7 S Pj, 
and we have an equation parallel to (3.7), 

■^7i+7 ~ ^li + -^7- (3.22) 

These are not the only possible modifications of Wi'. after all, we can always shift all the 
Wi by the same constant, without changing any of the physical central charges Zj... For 
our purposes to follow, though, we will not need to include all possible choices of Wi in Pj. 
We will only need that Pj is closed under all allowed shifts (3.21). We will therefore take 
Pi to be a P-torsor. 

Earlier we considered another P-torsor Tij which keeps track of the charges of ij- 
solitons. It follows from (3.14) that the Pj we just introduced is simply related to Tij: 

Tij=Ti-Tj. (3.23) 

(We defined this notation around (2.18).) This suggests a nice physical interpretation of 
Pj: it is a set of possible charges for boundaries of the surface defect S in vacuum i. At least 
as far as the IR charges are concerned, then, (3.23) says that a general interface between 
S and S' could be obtained by bringing a boundary of S close to a boundary of S'. We will 
explore the properties of boundaries and interfaces further in §4. 

3.3.5 2d-4d theories in the IR: Global picture 

It is well known that a single physical system can generally be described by many possible 
prepotentials J-', corresponding to different electromagnetic duality frames. We have seen 
that a similar phenomenon occurs for the superpotentials Wi. In general, the data (J-", Wi) 
can be chosen locally, but there is no global description of the theory valid everywhere on 
the Coulomb branch. Rather, we need to glue together different local descriptions. In this 
section we describe the global structure obtained from this gluing. 

Let us first consider § with a single vacuum (n = 1). Call this vacuum i. Recall that 
globally the charge lattice P is a local system over B* , with monodromies 

7 ^ M(7) (3.24) 

as we go around nontrivial loops in B* . Similarly, Pj is a local system of P-torsors over 
B* . The monodromy around nontrivial loops in B* of Pj is similar to that of P, but can 
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involve an additional shift by an element of F. To write this concretely we could choose an 
origin in Fj and thus identify Fj with F; then the monodromies would be represented by 
affine-linear maps of the form 

7i ^ M(7i) + 7. (3.25) 

We could also ask about the torsor Tu; as we have noted, this is canonically isomorphic to 
F, so its monodromies are exactly those of F. 

For surface defects with n > 1 vacua, there is a further complication. Globally, in 
addition to the kinds of monodromy we discussed above, the vacua i might be permuted 
among themselves. Locally we have n distinct F-torsors Fj. The Fj do not really exist 
globally over B* , but we can continue to use them locally, or we can talk about their direct 
sum F§, which does exist globally over B* . Upon choosing an origin in each Fj, we could 
represent the monodromy of F§ in the form 

7i^M(7p(,))+7» (3.26) 

where P is a permutation of the vacua i = 1, . . . , n. Similarly, locally we have distinct 
F-torsors Tij , which also do not exist globally over B* . Their monodromies are of the form 

7i,^M(7p(,)p(,)) + 7(*-'') (3.27) 

where ^^'^^^ = 7^*^ — and in particular 7^"^ = 0, reflecting the fact that Ta ~ F 
canonically. 

We will refer to the above structure as a "local system of torsors," although this is a 
slight abuse of terminology. More precisely, we can combine the Fj into a single local system 
of torsors F§ defined over the ramified cover B^ ^ B defined in §1, while Fjj combine into 
a single local system of torsors Fs§ over the fiber product Bs Xq Bs ^ B. 

By now we have introduced almost all of the structure that appeared in the 2d-4d WCF 
we formulated in §2.3. It only remains to comment on one important — but unfortunately 
rather obscure — ingredient, the sign cr(a, 6). Already in the 4d WCF the analogous sign 
was rather subtle. Based on the halo picture of wall-crossing, we believe that the physical 
interpretation of the sign has to do with the fact that the electro-magnetic fields sourced 
by a pair of well-separated bulk particles of charges 7 and 7' carry an extra contribution 
(7, 7') to the fermion number. 

Locally in moduli space, a{a, b) does not really have more information than the bulk 
ct(7,7') = (-1)(T'V>. Indeed, we can always pick an origin 7^? in each Fj, thus giving 
"trivializations" Fj ~ F and Fjj ~ F. Having done so, we may define (a, b) for any a, b 
using these trivializations and the (•, •) on F. Then, given any choice of a{a, b), it is possible 
to make a sign redefinition of the Xa to bring a{a,b) to the form (— 1)^*^'^^ To find the 
correct sign redefinition we just require that X 0, = X^X and X 0, X = X 0, . 
To preserve the wall-crossing identities, such changes of sign should be accompanied by sign 
changes for /i(7jj), as discussed in §2.3.1. We cannot exclude the possibility that this local 
redefinition might be impossible globally. We leave such global issues for later investigation 
in general, but we will give a sign prescription for the Ai examples in §7.2. 
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3.3.6 Algebraic integrable systems, mirror symmetry, and surface defects 

There is another, rather elegant way of describing the IR data associated to a surface 
defect in terms of a certain Lagrangian subvariety. This will give a concise summary of the 
considerations of the previous section. 
Recall from §1 that we defined 

M = T*g0z M/(27rZ) ^ B. (3.28) 

As discussed in [1], this is a hyperkahler manifold. Over B* it is a torus fibration, and with 
the special complex structure denoted C = in [1] the fibration (3.28) is a holomorphic 
fibration making it a completely integrable system. Closely allied to this is the system 

M ■=Tg<S)zM/{2TTZ) ^ B. (3.29) 

In fact, Ai and Ai are mirror dual manifolds and define mirror confer mal field theories 
upon compactification of the 4d theory to 2d along a two-dimensional torus. In particular 
A4 is hyperkahler. Moreover, since Tg is self-dual, the manifold is self-mirror, i.e. M and 
M are actually isomorphic. This is very natural since the sigma model with target space 
M arises from compactification of the 4d theory on a torus, and exchange of the circles 
induces mirror symmetry. 

Now, the discussion of the previous subsection §3.3.5 implies that, given a surface 
defect S, the corresponding GW parameters z> define local sections of A4. Since the vacua 
form a ramified cover over B we cannot in general extend P to a global section, although 
it will define a multisection of A4 with a finite number of values in any fiber. 

Next, we claim that this multisection is a holomorphic Lagrangian submanifold of A4 
in complex structure C = 0- 

To demonstrate this note that any local section 7^ of Tg canonically defines a local 
C/(l)-valued function on Ai. We denote this function as e'^^f. Upon choosing a local 
framing {7^} for we obtain a set of coordinate functions O^j on the torus fibers of Ai. 
The total space of the fibration carries a natural symplectic form 

{dZ, d9) := CijdZ^^ A d^^, (3.30) 

which at C = is holomorphic symplectic. Here Cij is inverse to C*-' = (7g,7g)- 

Next, given a local section P of we can define a corresponding local section of A4 
whose coordinates at u £ B* are given by 

^id^igH _ g27ri(i>{?i),7j>_ (3.31) 

This subvariety is clearly Lagrangian with respect to {dZ, d9) . Moreover it is holomorphic 
at C = 0. We conclude that the same properties hold for the global multisection D associ- 
ated to S. Moreover, by (3.15) its generating function is W for an appropriate choice of 
superpotential. 

Thus, we have arrived at the most parsimonious description of the IR data of the surface 
defect S: It is a holomorphic Lagrangian multisection of Ai with generating function W. 

Remarks 
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1. In the presence of a continuous flavor symmetry group it is natural to consider a 
slight twisting of this story, as follows. Since T*j ®x M/(27rZ) is trivially fibered over 
B we can define the continuous flavor symmetry group J- to be the fiber. We can then 
weakly gauge this global symmetry, and consequently define surface defects with flat 
connection in the plane transverse to the defect whose holonomy is given by G 
The Aharonov-Bohm phases of test particles transported around such a surface defect 
involve the flavor charges of the test particles, which can mix with the gauge charges 
under monodromy around paths in B; in consequence, such a surface defect does not 
quite correspond to a section of M. Instead we should consider a torus fibration 
modeled on the full charge lattice F, i.e., T* ®i M/(27rZ). This space sits naturally 
in an exact sequence of torus fibrations, fiberwise Pontryagin dual to (3.6), 

^ r* M/(27rZ) ^ r* 0z M/(27rZ) ^ (g)^ M/(27rZ) ^ 0. (3.32) 

The inverse image of 0/ is a twisted version of A^. On the coordinate 

transformations of the angular coordinates on the fiber are affine-linear rather than 
linear. A surface defect with fiavor monodromy Of gives a multi-section of this twisted 
integrable system. 

2. In §5 we will associate a hyperholomorphic vector bundle ^ M to a, surface 
defect S. Roughly speaking, this vector bundle is the mirror dual to z>. We discuss 
this further in §5.2.3 and Appendix G. 

3.4 Surface defect (twisted) chiral rings: periods as superpotentials 

In [17] a close relation was conjectured between surface defects with a non-trivial parameter 
space C of marginal deformations and Seiberg-Witten-like descriptions of the IR bulk 
physics. (Here C is a complex variety, possibly of dimension larger than one.) The basic 
idea is that the marginal deformations of the parameters of the surface defect, z ^ z + 6z, 
are associated to twisted chiral operators x, and the vevs x oi x define a 1-form X = xdz 
on an n-fold cover S of C. Let us stress that the symbol z used here is part of the UV 
definition of the surface defect! 

The points {xi,z) lying over z £ C correspond to the IR vacua of the surface defect 
with parameter z. Moreover, the charge lattice T should be a subquotient of the homology 
lattice Hi{T,,7j) of closed paths in S, and the central charge function should be just 

Z^ = ^j\. (3.33) 

So S is a (possibly higher-dimensional) analog of the Seiberg-Witten curve, and A of the 
Seiberg-Witten differential. The Coulomb branch B should be a subset of the space of 
possible complex structure deformations of the covering S of the fixed complex manifold 
C. The lattice V should be the quotient by the kernel of the map (3.33) of some subset of 
the homology lattice closed under all the monodromies around the singular locus of B. 

The language developed in this paper is well suited to understand the origin of these 
statements. Indeed, in this formalism, we have a lot of information available about the 
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effective twisted superpotential; we have [17] 



X = TrdzW. 



(3.34) 



We can use this to compute the difference (AW)ij between two IR vacua of the surface 
defect, i = {xi,z) and j = {xj,z). According to (3.34), we should just integrate the SW 
differential X = xdz along an open path ^ij on the SW curve from {xi, z) to (xj, z): 



It is immediately clear that this formula has an ambiguity, namely, different choices of the 
path give different (A>V)ij. The difference is a period of A along some closed path 7 in 
S. Thus we should really use the notation {/S.'W)^^.. 

We propose to identify the superpotential differences (AW)^^^ with the Z^^. controlling 
BPS solitons between vacua i and j. In particular we provisionally identify the set Tij of 
soliton charges with the set of possible paths 7ij (considered modulo boundaries of 2-chains 
on S). The fact that we can shift an open path by adding a closed path means that Tij 
has a natural action of T. This action corresponds to adding a gauge charge to the soliton 
charge; the annoying ambiguity of AW is thus identified with the important fact that the 
solitons carry gauge charges! 

More precisely, to be consistent with our general discussion we require that Fjj should 
be a torsor for the 4d gauge charge lattice T, i.e. any two paths in Tij should be related 
by adding an element of T. Since V is not quite the same as the full iJi(E,Z), this implies 
that Tij should not consist of all paths from Xi to Xj , but only some subset of paths closed 
under all the monodromies around the singular locus of B. 

Our discussion has a natural extension: we can consider two different surface defects 
S and S', labeled by parameters z and z' . If they are joined (in physical space) by an 
interface then it makes sense to discuss the difference of their superpotentials. This will 
be given by (AW)^^^,, = ^ Xy , where 7ij' is a path connecting {xi,z) to {xj',z'). The 
integral only depends on the relative homology class (with fixed endpoints) defined by ^ij> 
and, as in the above discussion the allowed set of homology classes will form a F-torsor 
Tiji. For further discussion see §4. 

Example 3.4. Consider the case where C and S are Riemann surfaces. A typical 
example of a singularity in B* arises from the presence of a single light hypermultiplet, 
whose charge is represented by a vanishing cycle 7 in S. The monodromy of the local 
system F around this singularity is of the Lefschetz type, 7 — 7 + (7, 7)7. Let us now 
derive the monodromy of Tij. The torsor Tij is represented by elements of a relative 
homology group, paths on T, which end on the preimages of z. These paths have a well 
defined intersection pairing with elements of another homology group Hi{'E—'k~^{z}, Z). In 
the region of B* sufficiently close to the singularity, we can lift uniquely 7 to a well defined 
element 7' of this enlarged homology group: 7' is the representative of the vanishing cycle 
which can shrink at the singular locus without crossing the preimages of z. Then the 
monodromy will be given by the same formula 




(3.35) 



7ij lij + 



(3.36) 
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Another generic type of singularity arises when z hits a branch point of the covering 
S — 7- C. Monodromy around a branch point which exchanges two sheets i and j will result 
in a monodromy exchanging the torsors Fj^ and Fj^. More precisely, if we denote as 7^^- the 
path in Y^j which goes from (xj, z) to (xj, through the branch point (this path is unique 
in a neighborhood of the singular locus), then we have monodromies 7^^ — t- 7-^- + 7^^ and 
lik -lij + lik, and of course 7^^ 7°. + 7^^ + 7°. and 7^^ -7°- + 7ij - 7?-.2i This is 
the monodromy expected around a locus where a single 2d particle of charge 'yfj becomes 
massless: it is the unique reflection which sends 7°- — )• — jfj- 

3.4.1 A potential anomaly 

We would like to define the superpotential Wi in a given vacuum, rather than the differences 
(AW)jj. In general it might not be possible to find suitable superpotentials Wj for both 
mathematical and physical reasons. In this section we indicate some of the possible reasons 
for such obstructions. 

The first potential problem is that it might be impossible to find an appropriate local 
system of torsors Tj over BC*. (Here BC* is B x C with certain divisors removed, namely 
^smg y, (J g^j^^ ^YiQ branch locus of the covering S — t- C.) We are trying to solve a cohomology 
problem by splitting Fjj = Tj — Tj where Fj are F-torsors. (We consider all three terms 
concretely as subsets of F (K) M rather than just abstract torsors.) In general, there can be 
an obstruction to this splitting. 

Even when torsors Fj can be found, we must then also define a suitable extension of Z 
from IIom(Fjj,C) to Hom(Fj,C). Concretely, we must find so that Z^^^ — -^7^ — ' 
when 7jj = 7i — 7j, Z^^ have monodromy shifts only around the singularities in BC* (and 
in no other places), and these shifts are by Z^, 7 G F. 

Even if such candidate superpotentials Z^- can be found, we should then worry about 
possible non- uniqueness. For example, given one solution one could shift Z-y- — t- Z^. + W 
where W has suitable monodromies. (For example, this might be possible if the theory has 
a surface defect with a single vacuum.) Indeed, in a given physical situation we might wish 
to put further conditions on the Z^., including properties under the deck transformations 
permuting the vacua or on the asymptotic behavior in weak coupling limits. We expect 
that in a physical problem the Z^. , if they exist, should be unique, up to trivial redefinitions 
such as shifts by constants. 

We will see explicit examples in §3.4.3 and §7 below where suitable collections of 
superpotentials Z^. in fact do not exist. 

In order to illustrate what can go wrong, still working in rather general terms, let us 
consider fibrations S with the special property that the sum of A over the sheets above any 
point z is zero. (This makes sense for a finite covering and in particular it turns out to be 

■^^Note that it would be wrong to "simplify" 7^^ + 7ji + 7ij to 7^^ + 2^%- The latter makes no sense! 

^^The precise obstruction lies in H^{B*,Y'). To see this we begin with local splittings Vij — Vi — Vj. 
Starting from splittings over each patch of B* , one can always glue together over the intersections of two 
patches Uaij ■ However at the intersection of three patches Uafi-y the composition of the three gluing maps 
is in general an automorphism of a local splitting over the triple overlap. But the automorphisms of the 
splitting are just given by shifts 7^ — >■ 7i + 7. This defines a Cech 2-cocycle valued in F. 
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true of the examples in §7, obtained from six-dimensional engineering.) Now, choose some 
set of local sections ^iji G Tiji and 7jj G Tij such that + = 7,^ and 7jj + 7^^/ = 7jfe'. 
Then one could consider the sum 



Zi 



liZz,^,- (3.37) 



n , 
j'=i 



Notice that dz'Zi = 0, so Zi really depends only on z. Furthermore, 

1 " 

Zi - Zk = - ^ {z^i^^, - Z^^^,^ = Z^^^. (3.38) 
j'=i 

It is tempting to use the Zi to define Z.y. , as follows. First we embed Fj-,- in F ig) M. 
Then, after choosing representatives jij £ Tij such that 7jj + jjk = 'Jik, we define 



^^= -y.l^, +r. (3.39) 




This satisfies Fjfc = Fj — F^ as desired. Then we define Z^. by linearity. 

Unfortunately, there is a problem with this definition. Suppose we change 7jj 
jij + T-^*-^) where 7*^*-'^ S F. Then Fj shifts by 



lE'f^''^ (3.40) 



which is only guaranteed to live in ^F. Unless a set of jij exists for which the monodromies 
around loops in B* only act by shifts in F, this naive proposal will run into trouble. As 
we indicate in §§3.4.3 and 7, there are indeed examples where the proposal fails: Shift 
happens. 

While the above attempt failed to produce a suitable torsor Fj, the problem is "only" 
that there is a shift by a fractional charge in F. Locally we could embed Fj in F Cg) M 
and then take the smallest subset closed under monodromy to produce a discrete covering 
space of BC* . Thus, in some sense, the Fj exist, and we can call these Fj twisted torsors. 
We will indicate in §3.6 how surface defects with such twisted torsors of charges can be 
made nonanomalous by gauging finite flavor symmetry groups. This is reassuring since the 
choice (3.37) is very natural in the An theories of class 5, considered in §7. 

3.4.2 Example: The GW surface defect in pure SU (2) gauge theory 

In this section we consider in detail an example of the general type discussed above. Further 
discussion of this example can be found in §§7 and 8. 

The pure SU{2) gauge theory coupled to a GW surface defect was studied in [17]. The 
infrared theory is controlled by two order parameters: a bulk vev u = 

(^Tr$2) and the 

vev of a twisted chiral operator x = (^$^^^)). Classically, in the vacuum we will have 
= —2u. The quantum-corrected chiral ring relation is conjectured [17] to become 

x2 = A^e* - 2n + A^e"*. (3.41) 
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We caution the reader about some potential notational confusions: We stress that t is a 
parameter defined in the UV, and should not be confused with the IR GW parameter of 
(3.15), which will be denoted tjji in this subsection. In certain regimes, explained below, 
t can be identified with a UV GW parameter normalized such that t = lirit^^, when 
compared with (3.2). Moreover, t in this subsection is denoted z above, but because of its 
dual interpretation as a 2d instanton amplitude we prefer to use t. 

We take C to be a cylinder, identified as the quotient of the complex t-plane by 
translation by 27riZ. Physically, the cylinder C is the one used in Witten's M-theory 
construction of the SW model of [43], where t = + ix^^. We will use the fundamental 
domain — tt < Imt < vr to illustrate C, as in Figure 4. 

Equation (3.41) should be identified with the defining equation of the Seiberg-Witten 
curve of the 4d theory, thus identifying S in the above discussion with that ramified covering 
of C. Likewise, A as described above becomes identified with the Seiberg-Witten differential 
X = xdt. At fixed u there are four branch points of the covering A — )• t. Two are at 
Ret — >• zboo. There are also branch points where x = 0, i.e. for t such that 

A'^cosht = u. (3.42) 

There will only be two distinct branch points in C which we denote t±{u). Representing C 
by its fundamental domain we take t+(tt) to be the solution with positive real part, when 
that real part is nonzero. Note that t_(n) = —t-^.{u). For generic u the Seiberg-Witten 
curve S is a twice-punctured torus. The two punctures are the preimages of the branch 
points at Re(i) = ±oo. As a function of u, the two branch points coincide when u = itA^. 
These are the monopole and dyon points in the u-plane, B, and we define B* to be the 
complex n-plane with ibA^ removed. 
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Figure 4: The Ricmann surface C, together with a basis of cycles generating r„, for u in the weak 
coupling domain. We choose a square root x ~ 2u on the complement of the cuts. Paths on 
this sheet are drawn with solid lines while the paths on the sheet with x ^ —^/—2u are drawn with 
dashed lines. Wiggly orange lines denote branch cuts emanating from the branch points t±. 
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Figure 5: The M-plane for SU{2) Seiberg-Witten theory. The paths P±a2 are based at u in the 
weak-coupHng regime. Define Voo as the path u — > e^'^'u. It is homotopic to the path given by 
traversing first P-a^ and then Va^ ■ 

Let us first review the (very well known) structure of the local system F — )■ i3* in 
this presentation. Recall that, physically, T is the set of IR charges Tc associated to a 
maximally local set of line defects in the theory. As described in [3] there are three choices 
for r depending on which set of mutually local line defects we choose to incorporate. We 
take the theory with gauge group SU{2). In this case T = i?i(S;Z), where S is the torus 
with no punctures. As we have noted there are two singular points u± = itA^ in B and 
we can describe F by giving the monodromy around the paths V±\2 shown in Figure 5. It 
will be convenient to choose a basis of the fiber of F over a point u in the weak coupling 
region |m| |A^|. Therefore, we choose a system of cuts for the covering S — )■ C as in 
Figure 4. We then choose a cycle 7e to be given by taking a path in S whose image on C 
is t{s) = (to + 27ris) mod 27riZ, < s < 1, where to is a point with |A^ coshtol ^ \u\. Note 
that 7e remains on one of the two sheets of the cover and is not (anti)invariant under the 
deck transformation of the cover. See Figure 4. However, the image of je in Hi{Ti\'L) is 
anti- invariant. We next choose a cycle 7.^ on S whose image on C is a path circling around 
the two branch points, as in Figure 4. Note that (7e,7m) = 1- These cycles generate the 
lattice F at M. Physically the cycle 7m corresponds to a magnetic monopole and = jw 
is the charge of the VF-boson in the weak-coupling region. 

The periods of the cycles 7e,7m are: 



Extending by linearity we obtain the central charge function Z : //i(S;Z) — t- Z. The 
kernel of Z coincides with the kernel of the map i?i(5];Z) — )• i7i(S;Z) (this is generated 
by the small circles around the two punctures of the torus) so Z descends to an element of 




A 



A. 



(3.43) 



Hom(F,C). 
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It is well known that the monodromy of the periods a,aD around the paths V±/^2 in 
Figure 5 is: 

{a — )• a — ao, 
(3.44) 
an an- 

{a — )• 3a — ttD, 
(3.45) 
an ^ 4a — ao- 

It will be useful for what follows to have weak coupling expressions for these periods. 
Since |A^coshto| ^ \u\, we easily estimate 

Z^^ = -j> 2iV^2^. (3.46) 

For the other period note that at weak coupling the two branch points are approximately 

2u 
A2 



2u 

t±(n)pa±log— (3.47) 



and hence 

2 /■*+ / 4 2u 

Z^^ = / V2A2 coshi' - 2u dt' ^ \/^log — . (3.48) 

■K Jt_ VT 

up to instanton corrections. From (3.46) and (3.48) we easily check that the monodromy 
under "Poo, given by u — )• e^'^^u for \u\ » [A^l, is a — )• —a and a/? — )• 4a — qd- One can check 
that this is indeed the composition of the transformations around V^\2 and then V{<^2 . 

Now let us add a surface defect at a point to £ C. For definiteness, we will choose 
Re(to) large and positive. We will focus on two physically distinct regimes for the physics 
in the u-plane. The first regime is defined by lA^coshtol ^ \u\ and lA^I <C \u\. We call 
this the semiclassical GW regime, because in this regime the 4d theory is weakly coupled 
and the surface defect is well-described as a Gukov-Witten defect with UV GW parameter 
to- The second regime is defined by [A^j ^ |n| <^ [A^ cosh to |- In this regime the first 
term in the twisted chiral ring will become important, while the third term will remain 
subdominant. In this intermediate region, the twisted chiral ring is well approximated by 

= A^e* - 2u (3.49) 

which can be identified with the twisted chiral ring of a (2, 2) CP^ sigma model, with twisted 
mass parameter for the SU (2) flavor symmetry m? = 8n. Indeed the surface defect is more 
usefully described in this second regime as the (2, 2) CP^ sigma model weakly coupled 
to the bulk fields. The 2d dynamics become strongly coupled when the first term in the 
twisted chiral ring relation dominates over the second. Therefore, we will call this second 
regime the weakly coupled sigma model regime. Of course there is also a corresponding 
weakly coupled sigma model regime when to has large negative real part, since the chiral 
ring has t — )■ — t symmetry. 

In the semiclassical GW regime it follows from (3.41) that we can write rr as a double 
expansion 

X = ±^/=2n • f; c.,, (^eA' , (3.50) 

n>Op=-n \ / \ J 
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Physically, the two expansion factors are interpreted as 4d and 2d instanton effects. The 
expansion breaks down when to is near a branch point, i.e. near a zero of x. As we will 
explain in §7 this is due to the existence of light BPS states, modeled on paths running 
from to to a branch point. Therefore, there will be a singularity in the physics along the 
divisor (3.42). In particular, if we fix Iq there is a singularity in B at u = uq defined by 

no = A^coshio (3.51) 

where the branch point t+ collides with to- As in our general discussion above, we will 
henceforth redefine B* to be the complex u-plane with =bA^ and uq removed. 
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Figure 6: When u ~ ligw is in the semiclassical GW regime we can define open paths ^'^'^ I12 
on S, which belong to the fiber of above Ugw 
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Figure 7: Paths in the w-plane defining the monodromy action on the fiber of above a point 
u = Tigw in the semiclassical GW regime. 

We now construct the torsors Tij — )• BC* where BC* is B x C with the divisors 
{(±A2,t)} and (3.42) removed. Since S — t- C is two-sheeted there will only be and its 
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negative r2i. We will iix to G C with large positive real part as above and just describe 
the torsor over the u-plane B* at fixed to- As we just explained physically, there are then 
three singular points: u± = ±A^ and uq defined in (3.51). The vacua over tQ, defined by 
x± = iby^2(tio — u), get permuted if u follows the path Vu^ around uq shown in Figure 7, 
and hence the covering B§ — t- i3 is ramified at u = uq and u = oo. 

Now, to construct explicitly we first consider the fiber above u = Ugw in the 
semiclassical GW regime, where we can define two natural elements 7^ and 7]~2 of 
which correspond to open paths on S whose projection to C goes from to to the respective 
branch point t± and back as shown in Figure 6. The difference is clearly 7^*^ — 7j~2 = 7^,. 
We then have, up to instanton corrections, 

Z + = - xdt w (to -t+) = h -ttD, 

7l2 TT f , TT ml 

! , (3.52) 

2 /-^o ato 1 
Z - = xdt (to -t^) = -an- 

^12 IT Jt_ TT ITT 2 

From these equations it is easy to compute that the monodromy around the path Voo 

shown in Figure 7 shifts Z ± — t- ib2a — Z ± . 

'12 '12 

Now let us consider the monodromy around the path Vq in Figure 7. In order to 

compute the monodromy of Z + it is actually easier to fix u = no and displace t — t- to + (5t 

'12 

and let the phase of 6t increase from to 27r. Since we are computing monodromy around 
a single divisor (3.42) in x C the result will be the same as holding t = to and letting u 
run around Vq- When u = uq and 6t is small, we have 

= 2(A2 cosh(to + St) - no) ~ (2A2 sinh to)6t (3.53) 

and hence Z^+ ~ ((5t)^/^. It follows that the monodromy around this locus sends Z^+ — )• 

We are now ready to discuss the full local system above the n plane. We have given a 
basis for the fiber of over ng^ together with the monodromy around Vq and Voo, shown 

in Figure 7. Around Voo we have a — )• —a, a/5— ^4a — a/j, Z^± — )• ±2a — Z+ and around 

'12 '12 

Vun we have the Z + — )• — Z + while a, are unchanged. Note that it follows that around 

'12 '12 

the composition V\2V_\2 we have 

Z + ^ 2a + Z + . (3.54) 

'12 '12 

In order to compute the monodromy around 'P-1-A2 separately we instead move our 
fiber of ri2 to sit over n = no- in the sigma-model regime, where A^ <C \U(j\ <C |no|. 
(To be precise, we transport along the path Vgw,<T shown in Figure 9.) The cuts for the 
cover S — 7- C are now shown in Figure 8. It is useful to consider a third element 712 in 
the fiber of ri2 over u„. It corresponds to the open path on S whose projection to C is 
t(s) = (to + 27ris) mod 27riZ, < s < 1. The crucial point is that this element has no 
monodromy in the region \U(j\ <^ |no|, because the branch points always stay away from 
this path. Thus 712 is invariant under transport around either of V±/^2 . (As a simple check, 
let us show that it is invariant around V\2V_\2. To do this first note that 712 — 7^2 is 
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Figure 8: When u ~ Ua- is in the scmiclassical sigma model regime, we define an open path 712 on 
S, which gives a useful element in the fiber of T12 above u^. 
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Figure 9: Paths in the u-plane defining the monodromy for ri2, acting on the fiber over u = u„ 
in the semiclassical sigma model regime. 

simply 7e; see Figure 8. Next, recall that we have (3.54) around the composition V\2V_\2 
and a — )• —a around this path, so Z^^^ = Z^^ + Z^+ = a + Z^+ remains invariant.) On the 
other hand, around Vuq we have 712 — )• 2^e — 712 • This completes our explicit description 
of the local system ri2. 

We are now ready to construct the local systems ri,r2 of F-torsors. Note that if we 
define ^ ^ 

-^71 = ~-^72 = 2^112 = 2^it2 2 (3.55) 

then Z^. really do shift by elements Z^ for 7 G F for all closed curves in B* , thanks to 
the factor of 2 in the monodromy 712 — s- 27e — 712 around Vug- Thus, in this example, the 
potential anomaly raised in §3.4.1 does not occur. 

Now, with proper superpotentials in hand, we can fill in a gap in the above discussion 
and explain the phrase "semi-classical GW regime." The reason is that we can use the 
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weak coupling expressions to show that the IR GW parameter is 

da 2-K\ 4 2 
Since the theory is weakly coupled we can identify t itself with a GW parameter. 

3.4.3 An example of the anomaly 

One class of theories, discussed further in §§7 and 8, are the so-called Argyres-Douglas 
( "AD" ) theories of type N . Here C = C and the chiral ring/SW equation is of the form: 

\^ = PN{z){dzf. (3.57) 

The parameter t of §3.4.2 is here restored to z G C, and Pn{z) is a polynomial of degree 
N . See [2] for background material. Crucial points for our discussion here are that when 
N is odd there are branch points at the roots of P/v together with a branch point at 
z = oo, but when is even, z = oo is not a branch point. Related to this, the local system 
r has a one-dimensional flavor lattice when N is even, but no flavor lattice when N is odd. 

We claim that for N odd it is possible to construct F-torsors Fj compatible with the 
Z2 deck transformation so that = Fi — but for N even this is not possible. Thus, 
the potential anomaly of §3.4.1 is realized when N is even. By "compatible" we mean the 
following. Since the chiral ring = Pn{z) has a Z2 symmetry exchanging the sheets it is 
natural to invoke the physical principle that there should be symmetry under permutation 
of the two vacua so that ^--y^ should have the same monodromy as Zy^ in the splitting 
Z^^2 = -^71 ~ -^72- ^71 ~ ^-11 shifts by even elements of T, and hence so must Z^-^^. 

In order to justify this claim let us briefly discuss the case iV = 3 in a way which will 
generalize to all odd N. The construction is very closely analogous to the example of §3.4.2 
above. In this case we may parameterize 

P3{z) = z^ -3A'^z + u. (3.58) 

A is a non-normalizable parameter and B is the complex u-plane. We can choose cuts in 
the z-plane going from each of the three roots of P3 to 2 = 00. The local system T ^ B* 
has monodromy around u = ib2A^ (where a pair of roots collide) and is of rank 2. 

Now we add a surface defect at a point zq G C. We assume that \zo\ is very large. 
There is then one new singular point in the u-plane, at uq such that Zq — 3A^zo + uq = 0. 
The analog here of the weakly coupled cr-model regime is 

\z^\ > \u\ > |A2|. (3.59) 

We can construct a special element 712 G ri2|MCT) where Ua is in the weakly coupled fj-model 
regime, by choosing a path in C beginning and ending at zq and circling around all three 
branch points. Since it has crossed an odd number of cuts it lifts to an open path in S 
joining the vacuum Aq to — Aq. As in the SU{2) example, this element has no monodromy 
around all the paths in i3* based at which wind around zeros of the discriminant of P3 
(namely u = ib2A^ ). It does have monodromy around the path Vuq based at which 
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winds once around uq. To compute this monodromy, note that as — ?■ uq (thus leaving 
the cT-model regime) some branch point, say z^{ua), approaches zq. We can then define an 
open path ^ ri2|u^ (the analog of 7^*^ above) whose image in C begins at zq, runs to z^ 
passing through a cut and comes back to zq. Note that Z^^j = ■^712 ~^ ^1 some 7 G T. 
On the other hand, by an argument similar to that of the SU{2) example, Z^*^ — t- —Z^*^ 
around Vuq and hence the only nontrivial monodromy of Z^^j ^* around Vuq and 
given by Z-^^j ~^ 2Z-y — Z^^a- We can therefore define Zy-^ = —Z^^ = 5-^712) ^^^^ these 
periods will have monodromy shifts by proper periods associated to T. 

The above construction generalizes to AD theories with odd N. On the other hand, 
when is even the situation is very different. Consider, for example, the first nontrivial 
case, = 4, with 

P^{z) = z"^ + 4A'^z'^ + 2mz + u. (3.60) 

Here A, m are fixed nonnormalizable parameters and B is again the complex ti-plane. There 
are four branch points in C given by the roots of P4{z). The local system F has rank 3 with 
a one- dimensional flavor sublattice and T ^ B* has monodromy around the three roots of 
the disciminant of P4. When we add a surface defect at zq £ C there is a fourth singularity 
in the u-plane at uq such that Pa{zo) = 0. Now, u = Ua is in the weakly coupled sigma 
model regime 

|zol > I""! > |m| (3.61) 

we cannot define the analog of the cycle 712 G ri2|tj^ since it will cross an even number 
of cuts and hence will not connect the two sheets above zo- If, instead, we choose any 
other path 712 G ri2|u^ surrounding an odd number of branch points, then that path will 
pass through a cut joining two branch points. Therefore, there will be a singularity in B 
where those two branch points collide. The monodromy of 712 around such a point will 
be 712 — 7" 712 + 7s; where 7^ is the vanishing cycle associated with the colliding branch 
points. Therefore, if we attempt to introduce = —Z^^ = ^Z^^^ then 71,72 will have 
half-integral monodromy 71 — ?• 71 + ^7?,. Thus our attempt has failed. Now, suppose there 
were some splitting Z^^^ = Z^^ — Z^^ where Z^^ , Z^^ have proper integral monodromy. Then 
— = Z-y^ would have proper monodromy, and Z^^ — Z_^^ would have monodromy of 
the type we have just proven cannot exist. Therefore, for A^ = 4 AD theories there is no 
splitting ri2 = Ti — r2 which respects the symmetry between the sheets. The argument 
we have just given extends to all even values of A^. 

To use the language of §3.4.1 above, when A^ is even we can construct Fj as twisted 
torsors. The three examples we have just discussed are examples drawn from a class of 
theories described in §7 known as Ai theories. As we discuss in §7 the Ai theories with 
regular singular points all exhibit the anomaly we have discussed. Theories with irregular 
singular points are limits of those with regular singular points. In such limits particles can 
decouple and the nature of flavor symmetries can change. It can be shown that theories 
with odd irregular singular points (such as AD A^ odd and SU{2), Nf = 0) have a natural 
candidate for the analog of the cycle 7^*^ used above and do not exhibit the anomaly. 
Other theories with only even irregular singular points, such as AD theories with A^ even 
still exhibit the anomaly. 
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3.5 BPS degeneracies and wall-crossing 

Now that we have given a physical description of the lattices F, torsors Fj, Tij and central 
charges Z which appear in the wall-crossing formula, we can move to the main actors, 17, 
yu and u. 

First, recall that in the 4d wall-crossing formula the integers 1^(7) are interpreted as 
degeneracies of 4d BPS particles [1]. This is their interpretation in the 2d-4d wall-crossing 
formula as well. 

The integers /i(7ij) in the 2d-4d wall-crossing formula are a natural generalization of 
the index fiij in the 2d case [20]. fJ-ijij) is the degeneracy of 2d BPS solitons between 
vacuum i and vacuum j of the surface defect, carrying total charge 7jj. Using the notation 
of Appendix A it can be written: 

^i{-fij) := Tr^BPs e'^^e-/^^. (3.62) 

Here H^^^ is the space of BPS states with center-of-mass degrees of freedom removed, 
while F is some u{l)v charge. An important point is that there is a choice of u{l)v 
generator F. One natural choice is F = so(12), but there is some ambiguity in picking 
the overall fermion number when removing the center of mass degrees of freedom. We will 
take the ^(7ij) to be integral although e^'"^ acting on the full Hilbert space 'H^^- need not 
be ±1. It is standard in the 2d literature to choose F so that fJ-i'jij) = The 
ambiguity in F will be relevant in §5. 

The affine-linear functions 1^(7, •) require more discussion. Roughly we want to inter- 
pret a;(7, 7i) as the number of 2d BPS particles in vacuum i, carrying gauge charge 7. If 
this were literally the case, then a;(7, ■ji) would actually depend only on i, not on the choice 
of a particular 7j. The reason for the dependence on ji is a rather subtle difficulty. In 
addition to 1-particle states with charge 7 localized near the surface defect, the theory also 
contains 1-particle "4d" states with charge 7. When decomposed in terms of the unbroken 
2d Poincare symmetry these states give a continuum of representations: The momentum 
in the transverse space to the surface defect is an internal quantum number and hence the 
representation of the little group has no gap from the BPS bound. The representation at 
the bottom of this continuum is the same one where a genuine 2d particle would be found. 
It is therefore difficult to disentangle the 2d and 4d spectra. 

To get a bit more insight, let us focus on a region of parameter space containing a point 
where a specific Z^e — )■ 0. At this point the Lagrangian we have been discussing until now 
— which includes only the abelian gauge fields and their superpartners — breaks down. 
One gets a better description near this point by including fields describing the light BPS 
particles with charge 7*^; the singularity of the original theory would then be reproduced by 
integrating those fields out. What kind of new fields do we need to add? Light 4d particles 
should be represented by hypermultiplets; light 2d particles should be represented by 2d 
chiral multiplets. 

The effect of integrating out the light hypermultiplets is very well known: A simple 
1-loop computation leads to a correction to the prepotential which creates logarithmic 
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divergences in the central charges: 

= ^f](7^)(7,7^)Z^e log(Z^e) + Regular (3.63) 

This logarithmic behavior implies the well-known Picard-Lefschetz-like monodromy: as 
Z^e goes around we have 7 — )• 7 + 0(7*^) (7, 7*^)7'^. 

It turns out that the effect of integrating out a light 2d particle leads to a correction very 
similar to (3.63). Indeed, we can invoke the computation of Witten in the two-dimensional 
gauged linear sigma model (see [30], eq. (3.9) et. seq. and also [31]) to conclude that 
integrating out n two-dimensional chiral multiplets of four-dimensional charge 7*^ induces 
a singular term in the two-dimensional superpotential: 

W = -^nZ^e log Z^e + Regular. (3.64) 

For later reference (in §6.2 below) it will be useful to recall briefly the argument for 

(3.64). The twisted chiral superfield is (A. 4) T = a^ h ?9+i9"(Fo3 + 1(^12 --F12)), where 

Z'ye — vanishes at a = and the n chiral multiplets Xi, i = 1, . . . ,n have U{1) charge q 
and hence have Lagrangian 

j dx^dx-^ j d^^Xie'^^Xi = - j iVXil"^ + {m^ + q{Di2 - Fi2))\Xi\'^ + ■ ■ ■ (3.65) 

where = (7^|a|^ and we have only written the terms relevant to our computation. 
Integrating out the chiral superfields induces a one-loop determinant 

exp {-nlogdet[-V*V + + q{Di2 - F12)]) 
which when expanded in the auxiliary field gives a coupling 

/f d^k 1 
dxW{D,2 - F,2)nq j ^ + • • ■ (3.66) 

Supersymmetry now determines the rest. Comparison with the last term in (3.17) reveals 
that we have induced a Gukov- Witten parameter 

where A is a UV cutoff, necessary in this IR free gauge theory. On the other hand, a simple 
computation shows that such an a corresponds to 

W = nq^ (a log y - a) (3.68) 



27r V ''A 

thus establishing (3.64). 

The above one-loop effect leads to the monodromy of the superpotential discussed in 
equation (3.21), and hence, as explained there, if we wish to extend the period function 
and define W = Z^o then 7° must shift by 7? — )■ 7? -|- 717^ under one turn around a = 0. 
In other words, the presence of light 2d particles leads to affine-linear monodromies of the 
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torsor Fj. In particular, we cannot hope to find a single 7^- which makes sense globally: we 
will always have to make do with local descriptions, related to one another by shifts. 

Moreover, more general paths in moduli space force us to consider more general mon- 
odromies, 7^ — >• 7i = 7^ + 7 for more general charges 7. In this case we have an effective 
superpotential Z^- = Z^o + which, by (3.63), is just: 

^7. = 7^(^ + 5^(7") (7* - 7°,7'))^7^ log ^7-= + Regular. (3.69) 

Now, there is clearly something odd about this formula since it involves a the choice of 
a specific 7^ £ Fj, which we used in writing our effective Lagrangian. What would have 
happened if we had made a different choice, say replacing 7? by 74^+7? Perhaps surprisingly, 
from (3.69) we see that this change must be compensated by a change of n to n+r2(7*^)(7^, 7) 
— so a rather innocuous-looking shift of the effective superpotential also requires a change 
in the number of 2d chiral multiplets! Thus, the number of chiral multiplets depends on 
the flux and we should write ^^(7^'). The most meaningful and invariant quantity we can 
extract from our considerations is the coefficient 71(7-') + ^^(7^) (74 — 7^,7'^). which appeared 
in (3.69), giving the physical effect of integrating out both 2d and 4d particles of charge 7'^. 
We propose to identify this with a;(7'^,7j). In other words, if u is near a locus in B where 
some 'Zi'~^ —7- 0, we define (^(7, 7i; u) in terms of the contribution from particles of charge 7 
to Z^^, 

^7, = ^^^(71 7i; ■")^7 log Z^ + Regular. (3.70) 

Then the values of 1^(7, 7i; is) at other vacua will be determined by wall-crossing. Note that 
a;(-7,7i;n) = -a;(7,7j;u). 

Example: Let us return to Example 3.4 above. We discussed there the example of 
a singularity in B* which arises from the presence of a single light hypermultiplet whose 
charge is represented by a vanishing cycle 7 in S. From the monodromy of Fjj, equation 
(3.36) we recognize immediately a;(7, 7jj) = (7',7jj) in the neighbourhood of the singular 
locus. Similarly, a lot of simple wall-crossing examples can be derived from these state- 
ments, by simply considering a locus where z comes close to two branch points. See §7 for 
several examples along these lines. 

Remark: The reader might well be distressed by the absence of a clear definition of 
CL'(7,7j). Fortunately, the only quantities that really enter the 2d-4d wall-crossing formula 
are the differences uj{'~f,jij'). These do have a clear definition as a trace in a Hilbert space, 
which will be detailed in the next section 4. These will also be the quantities which we will 
have direct control on in our examples. 

3.6 Cancellation of surface defect global anomalies by gauging flavor symme- 
tries 

In §3.4 we found that surface defects in 2d-4d systems potentially have global anomalies, 
and in §§3.4.1 and 3.4.2 we mentioned that there are simple examples which illustrate such 
anomalies. In this section we demonstrate in somewhat general terms how such anomalies 
can sometimes be cancelled by gauging an appropriate subgroup of the flavor group. (Such 
a subgroup might or might not exist in any given theory.) 
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First, let us put the problem we are trying to solve in the proper context: 

We are used to thinking about the spectrum of zero-dimensional defects, or local 
operators, as an integral part of what a theory is, maybe as part of the very definition 
of the theory. We also think of the spectrum of one-dimensional defects, or line defects, 
this way, although this often involves a small refinement of our notion of "theory." For 
example, in four dimensions, there is typically a discrete choice of which class of line defects 
to allow: in, say, a gauge theory with Lie algebra su{N), the fundamental Wilson loop and 
fundamental 't Hooft loop cannot appear simultaneously in correlation functions, because 
they would not be mutually local. The choice of which line defects to allow is part of the 
proper definition of the theory and involves, for example, a choice of the actual compact 
gauge group. For example, no theory with gauge algebra su{N) can contain both the 
fundamental Wilson loop and the fundamental 't Hooft loop because they are mutually 
nonlocal. The fundamental Wilson loop is allowed if the gauge group is SU (N) while the 
fundamental 't Hooft loop is allowed if the gauge group is PSU{N). By contrast, we think 
of a surface defect not as a part of the theory, but rather as a modification of the theory. 
The spectrum of possible surface defects might be as intricate as the set of all possible 2d 
theories, or even more so. 

In four dimensions, considering surface defects together with local operators might 
lead to problems with locality: transporting a local operator around a surface defect might 
induce some unwanted monodromy phases. As we usually consider the set of local operators 
as a given, we would normally just not allow such surface defects. In §7 we will encounter 
situations, though, where these surface defects (namely, the canonical surface defects S^) 
are too important simply to be thrown away, so it is the local operators which have to 
give. We will therefore change the theory to accomodate these surface defects. The idea is 
as follows. The effect of the monodromy around a surface defect must be some symmetry 
of the bulk theory. We will assume that the symmetry transformations associated to the 
surface defects we wish to retain lies in a finite abelian group D which is a subgroup of the 
group of fiavor symmetries. This is indeed what happens to the surface defects Sz studied 
in §§7, 8 and 9. As with any finite global symmetry group, we can gauge it. In doing so we 
throw away the bothersome local operators, which are no longer gauge invariant. At the 
same time we introduce new surface defects corresponding to nontrivial D-bundles in the 
space transverse to the surface defect. 

Of course, we do not want to throw away the vanilla BPS states. When the charge 
torsors Fj are twisted and have shifts by fractional elements of F, the AB phases of test 
particles of charges ^g°^^ will not be well-defined. We will also see that by gauging a suitable 
finite flavor subgroup this anomaly can in principle be cancelled. 

In general the new surface defects are labeled by conjugacy classes of the gauged finite 
flavor symmetry group, T>, and since we assume it is abelian they will be labeled by ele- 
ments of that group. In what follows, one consequence of this gauging will be particularly 
important: surface defects which carry nontrivial flavor monodromy cannot have bound- 

^^In a recent paper the effects of gauging finite global symmetry groups in supergravity theories was 
studied [46, 47]. Some of the considerations of that paper are similar to ours. We thank N. Seiberg for 
discussions which considerably influenced our thinking on this topic. 
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aries. They can, however, have interfaces to other surface defects carrying the same flavor 
monodromy. Throughout this paper, we wiU see that gauging the flavor symmetry has 
subtle and entertaining effects on the IR physics of the surface defect. 

3.6.1 Flavor holonomies 

In this section we assume that there is a finite abelian flavor group P, trivially fibered over 
B* , so that the Pontryagin dual group of characters V fits in an exact sequence 



As usual, this extension is trivial locally but not globally. 

A useful example to keep in mind is given by choosing a finite subgroup of the fiber of 
T*j eg) ]R/(27rZ). Then there is a projection map from Tf to T>. Applying this map to (3.6) 
we find that the action of the discrete flavor group on charged particles is captured by an 
extension of local systems of abelian groups (3.71). 

What does the exact sequence (3.71) mean? A gauge-invariant state (one whose charge 
projects to zero in Tg) could carry some element of P. There is an ambiguity when we try 
to lift this action to non-gauge-invariant states such as BPS particles: in other words, the 
discrete flavor charge of a BPS particle is ambiguous. To flx the flavor charges we have to 
choose a splitting of (3.71). (This is very similar to the ambiguity we have in assigning 
the usual flavor charges to BPS particles, i.e. in splitting the sequence (3.6).) Any two 
different splittings differ by an element of Iiom{Tg,T>). If we gauge T>, then r°^* will be 
the new extended group of all gauge charges. 

The fiberwise Pontryagin dual of (3.71) is an extension of the algebraic integrable 
system Ai: 



The fiber of TW"^* has one connected component Aid for each element d G "D; the identity 
component Mi = A4, while the other Aid are twisted versions of A4. 

Now we are ready to consider the surface defects which become available after gauging 
T>. These surface defects carry a fiavor monodromy d gT>. The Aharonov-Bohm phases of 
test particles around such a surface defect give a section of A^'^^*, or more precisely, of its 
connected component Aid along the lines of (3.31). So globally the IR data of the surface 
defect is determined by a complex Lagrangian multi-section of A^^. 

We can describe the monodromy of Aid more explicitly as follows. Pick a splitting 
of (3.71) into discrete fiavor charges and gauge charges, i.e. decompose charges 7^^* into 
^®7g, where £ and 7^ G Tg. Under monodromy around a loop on the Coulomb branch 
B* , these charges are transformed by 




(3.71) 




(3.72) 



7g^M(7g), 



(3.73) 
(3.74) 



where 5$, is some homomorphism — )• P. Notice that we are using an additive notation 
for the characters ^ and (5^. The multiplicative characters are exp27ri,^, etc. 



Then, we can attempt to define functions 9^^ on Md analogous to those on M: Choos- 
ing a splitting of (3.71) and a corresponding local trivialization of ^ ® 7^ defines a 
U (l)-valued function ^{d)e^^^3 on A4^^*. On the other hand, monodromy takes (0 ® 7^) to 
^Cilg) ffi ^{ig) ^i^d hence 5^ deforms the monodromy of the fiber coordinates on 
from linear to affine-linear: 

^7«^^A/(,,) + 27r[5e(73)](d). (3.75) 

Since [5i{'^g)]{d) is linear in both 7^ and d and since Tg is self-dual with respect to (•, •), 
we can define a useful quantity 5S,{d) G (g) M/Z by 

miaW) = exp[27ri(<5C(a!),7<;)]- (3-76) 

Now let us explore the consequences for the Gukov-Witten parameters u associated to 
a surface defect with flavor monodromy. If we define a multisection by (3.31) then, after 
monodromy around a loop in B* we will find 

exp[i6'M(7g) + 27ri(5^(d),7g)] = exp[27ri(zy', 7^)]. (3.77) 

It follows that, if we choose some lift 6^{d) G (g M then the monodromy of the Gukov- 
Witten parameters is of the form 

z.' = M*^ • 1/ + 5^{d) + 7 (3.78) 

for some 7 G Vg. Therefore, by (3.15) the superpotential has a shift W — s- W -|- Z^i (where 
we lift 7' from Tg ® R to T ® M). 

Now, we should stress that the shift by 5i,{d) is not by an element of Tg but rather 
by a fractional element of Tg. But such shifts were precisely the sort we found in poten- 
tial anomalies in defining the torsors Fj in §3.4.1! This will be the key to the anomaly 
cancellation mechanism described in §3.6.2 below. 

It is useful to give a concrete example here. Consider a typical example of a singularity 
in B* , which arises from the presence of a single light hypermultiplet, whose charge is 7. 
The monodromy of the local system T is of the Lefschetz type, 7 — )• 7 + (7, 7)7. This 
is easily generalized to the case with discrete flavor symmetries. The flavor monodromy 
will be — )• ^ + {'Jg,Jg)S, if the discrete charge of the hypermultiplet is ^. But then 
^^i'yg) — ilg^^g)^ thus 5S,{d) = S,{d)jg. In general ^(d) will be a nontrivial element of 
R/Z. 

3.6.2 Anomaly cancellation 

In the previous section we have learned that by gauging a finite abelian flavor symmetry 
we can induce shifts of the GW parameters analogous to those forced on us by the coho- 
mological obstruction discussed in §3.4. Therefore, under suitable conditions, gauging a 
flnite flavor symmetry group can cancel the global anomalies obstructing the existence of 
a surface defect associated with a twisted torsor. 

For example, consider the situation discussed in equations (3.37) to (3.40). The shift 
(3.40) means that AB phases are ill-deflned because a monodromy around a loop in BC* 
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changes the AB phase of a test particle by exp[27ri(^ X]j=i 7^*"'^ 7g'^'^*)]- the other hand, 
if we can find a suitable finite flavor subgroup T> and an element d such that under the 
same monodromy transformation 

1 " 

S^(d) = V 7^*^) mod r (3.79) 

n ^-^ 

i=i 

then the AB phases of BPS test particles in the theory where the flavor group is gauged 
will be well-defined. In this case we can form a good theory of the surface defect, even 
though the torsor Fj is twisted. 

Example 3.6.2. For an example of how we might find a suitable finite flavor group 
P in the IR, we return to the theories discussed in §3.4. We will show how to construct 
an extension like (3.71) with T> ~ Z„, which will serve for anomaly cancellation. We begin 
with the exact sequence 

^ V{z) ifi(S - TT^^{z}, Z) Hi{f:,Z) 0. (3.80) 

This sequence extends the charge lattice by a free abelian group of rank n, 

n 

V{z) = ^Pi{z)-'L ^r^, (3.81) 

4 = 1 

generated by the homology classes of small circles Pi{z) around the n preimages of z. Now 
consider the sublattice A.„ C ^^{z) given by the kernel of the homomorphism l^(^z^ — y 
defined by ^aiPi{z) i— )■ ^ajUiodn. We can take a quotient of (3.80) by this lattice and 
its image in Hi{T, — ■k^^{z},Z) to produce 

O^V^ Hi{f: - 7r-^{z},Z)/An i^i(S,Z) ^ 0. (3.82) 

where D := V{z)/An ~ Z„. The actual charge lattice F^ is not exactly //i(I],Z) but is 
closely related to it as a subquotient. The subgroup P survives taking this subquotient, 
yielding a candidate for (3.71). 

Now suppose we choose a system of charges jij S Fjj as in §3.4.1. Using this data we 
can split gauge charges 7^^* G i7i(S — vr^^jz}, Z)/A„ as ^ © 7^ where ^ = [X] (^iPi] with 

n n 

E"* = E<^r'74j) modn. (3.83) 

1=1 j=i 

(One can check that the right hand side is indeed independent of i.) 

Now let d be a primitive generator of T>. Let S be a surface defect with flavor holonomy 
d. Then, the flavor contribution to the AB phase of a particle of charge 7^°*^* € Hi{T, — 
7r~"^{z}, Z)/A„ transported around such a defect § will be 

e(d) = exp[-^/j;74„7r) ) • (3-84) 
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Monodromy of the local system Tij around cycles in BC* takes ^ij — )• 'jij + 7^*-'^ and hence 
(3.84) satisfies (trivially) the anomaly cancellation condition (3.79). 

Remarks: 

1. We must stress that we have only given a potential mechanism for anomaly cancel- 
lation and we have not given a general proof that the problems of (3.39) can always 
be cured by conjecturing an extension of the lattice of gauge charges by characters 
for a Z.„ flavor symmetry. Moreover, it is far from obvious that such tentative finite 
flavor charge groups T> would always arise from actual symmetries of the bulk UV 
4d theory. In §7.4 we explain that for the Ai theories with regular singular points 
a suitable UV Z2 flavor symmetry does indeed exist. In addition, one can define a 
suitable flavor symmetry for the AD theories with even. 

2. Notice that if the surface defect carries a nontrivial flavor group label the non-integral 
monodromies of the Fj imply that the a;(7, 7^) are nonintegral. This is not so strange, 
considering that we have twisted boundary conditions around the surface defect for 
bulk particles. It is perfectly possible for bulk hypermultiplets with twisted boundary 
conditions to contribute to the 2d effective superpotential as a fraction of a 2d chiral 
multiplet. It would be nice to compute such contributions explicitly. 

4. Line defects, interfaces, framed BPS states, and a spin 2d-4d wall- 
crossing formula 

4.1 Interfaces 

Past experience with the pure 4d wall-crossing formula suggests that a useful way of under- 
standing it is to study supersymmetric line defects L [3]. In the 2d-4d context, in addition 
to the usual 4d line defects, we want to consider supersymmetric line defects which sit on a 
surface defect, dividing it into two pieces — or more generally, supersymmetric interfaces 
which have one surface defect S on the left and another surface defect S' on the right. 

The supersymmetric interfaces we consider preserve 2 out of the 4 supercharges pre- 
served by the surface defect. In the conventions of [3], they are 

Q\-C'Ql, Ql + C'Ql (4.1) 

where the lower index is a spin index and the upper index is an su(2)fi, symmetry index. 
As in [3], C is a phase, but later will be analytically continued to C^, and the interfaces in 
general depend on a lift to the universal cover . 

Some simple examples of supersymmetric interfaces on surface defects can be con- 
structed directly. For example, suppose we consider a supersymmetric gauge theory with 
gauge group G, with a Gukov-Witten-type surface defect § which breaks G to a Levi 
subgroup H. Then we can consider a supersymmetric Wilson line in an irreducible rep- 
resentation of H (which is not a representation of G). This gives a line defect which is 
restricted to lie on S. Another useful machine for producing such interfaces is the "Janus" 



-53- 



construction: here we allow a twisted F-term coupling on the surface defect to jump at some 
point x^, and include an appropriate coupling at the interface to preserve supersymmetry 
[17]. 

In the presence of the interface, the IR physics depends on the choice of a vacuum i 
for S and j' for S'. Having fixed that choice, the Hilbert space is graded by charges lying 
in Fijt =Ti — Tj'. 

4.2 Review of the 4d case: Framed BPS states and halos 

Let us recall briefly the case studied in [3]. This is the case where S and S' are both the 
null surface defect. In this case we denoted a line defect of type ( hy L(^. Often ^ will be 
understood and we simply write L. The presence of the line defect modifies the Hilbert 
space of (one particle) states which is denoted 'Hl,u, where u £ B. Often the ^-dependence 
will be suppressed in the notation. The Hilbert space Hl is graded by a T-torsor T^ 
and we write = ©^gri^L,7- The preserved supersymmetries lead to a BPS bound 
E > — Re(Z^/C) in 'HL,'y and states satisfying this bound are called framed BPS states. We 
define a protected spin character for these 



'■u,L,C,l 

where 



0(n,L^,7;y) :=Tr^BPs {-lf''{-yf^^ (4.2) 



J3:=J3 + h, (4.3) 

and I3 is an R-symmetry generator. We will often lighten the notation and just write 
11(L, 7;y). Specializing to y = — 1 defines the framed BPS index J7(L,7). 

When considered as functions of (n, Q the framed indices are piecewise constant but 
undergo wall-crossing, just like ordinary BPS degeneracies. The main physical justification 
for this is the "halo picture" described in [34, 3, 35, 48, 49]. Near BPS walls, defined for 
populated charges 7 G T by, 

W-^:={(n,C): VC<0} (4.4) 

some of the states in "HJ^^^^ ^ can be described as "halo configurations." They look like 
a "core" BPS state of the line defect very weakly bound to some "halo" particles. The 
distance between the line defect and the halo particles has a universal form depending only 
on the IR data: if 7^^, 7'' are the core and halo charges respectively, it is 

'^''-2Im(Z,./C)- ^^-^^ 

The bound state exists only when > 0, i.e. only on one side of the wall; as we approach 
the wall from that side r/j — )• 00, so this bound state disappears from the framed BPS 
spectrum. 

The framed BPS states which appear /disappear upon crossing the wall W^h can be 
thought of as states in a Fock space consisting of states containing a core charge and 
some number of halo particles of charge 7'^ orbiting around it. Since the halo particles are 
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mutually BPS there are many such states, and they can be enumerated with Fock space 
combinatorics. In order to describe this more precisely we first introduce a generating 
function 

F{u,L(^,{xj};y) := ^ L, C, 7; y)a^7- (4-6) 

7 

where In order to lighten the notation we will often drop various arguments, 

and sometimes simply write this as F[L). Now, one isolates the contributions from a core 
charge 7'^ surrounded by halo configurations of particles with charge 7^*. The Z2-graded 
Fock space is built on {J^c^^h) ® 'H^^^{'y'^; u), where Ti^^^ is the space of BPS states with 
the center-of-mass degree of freedom factored out. Here (J^c^^h) is the spin representation 
with maximal spin 2J3 = |(7'^,7'^)|. If we decompose 

n{u,^'^; -z) = Tr^(^,^„)(-z)2^«z2/3 = ^ (4^7) 

then Um > for 771 even while 0^ ^ for tti odd. There are creation operators ^ q, 
with 

-K7^7')l<m'<K7^7'>l (4.8) 

while a runs over |am,7h| values for each ni. Somewhat counterintuitively, the oscillators 
with m even correspond to fermionic oscillators while those with m odd correspond to 
bosonic oscillators. The corresponding Fock space factor when a halo is created is thus 

+ ym+m' ^^^y^^^H (4.9) 

when m is even, and 

(4.10) 



(1 - ym+m' j^^i^^W^^^hl 

when m is odd. These factors can be summarized as 

(l + (-l)'^2/™+"'xyO"'"-^'- (4.11) 

Reference [3] shows that the framed BPS indices (at y = —1) can be described by 
replacing by satisfying the twisted group law X^Xy = {—1)^"''"'"^X^^y, and making 
an L-independent "coordinate" transformation of the X^, 

Xy ^ (1 - X7)<^'^'>^WXy. (4.12) 

This transformation is nothing but (the inverse of) (2.11)! This is the key observation in 
one proof of the 4d wall-crossing formula for the i^{'y) [3]. 

If one wants a wall-crossing formula for the full y-dependent framed BPS indices, then 
the above generating function must be split up into its contribution from various "core" 
charges. The reason for this is that the halo Fock spaces (in particular the range m' in 
(4.8)) depend on the core charge. This leads to somewhat awkward wall-crossing formulae. 
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However, as explained at length in [3] (see also [35, 49]) one can write an elegant formula 
by replacing F by the same expression evaluated on noncommuting variables, 

F{u,L^,{X^};y) ■.= Y,U{u,L,C,T,y)Xj, (4.13) 

7 

where 

l^ly =y<^'^'>l^+y, (4.14) 

Again, we will abbreviate this by F{L). 

The transformation of F across walls for populated charges 7 can be expressed in 
terms of conjugation by products of quantum dilogs evaluated on X^, where the product 
is determined by the data [50, 3] for details. 

4.3 Analog in two dimensions 

Let us now consider the special case where the four-dimensional theory is null but there 
are nontrivial surface defects separated by an interface SL^S'. It is tempting to apply the 
approach of §4.2 to try to understand the purely 2d wall-crossing formula as well. We do this 
in the present section, although our arguments in this case will be somewhat less rigorous. 
Just as in the 4d situation, we can define "framed BPS states" in the Hilbert space of the 
theory with a supersymmetric interface inserted between two surface defects. Then we 
describe the wall-crossing of the framed BPS degeneracies. 

At least in specific models such as supersymmetric Landau-Ginzburg models, there 
is a picture of this wall-crossing which is much like that in the 4d case: there are "halo" 
states consisting of a single 2d particle loosely bound to the line defect. Although there 
is not a precise formula for this halo radius it can be shown that any reasonable measure 
of such a radius has the crucial property that it diverges at walls Wij where Zij/Q G M_. 
See Appendix C. At such walls, halo states appear or disappear from the framed BPS 
spectrum. 

As in the 4d case, after introducing appropriate generating functions F{L) for the 
framed BPS states, this picture leads to a prediction for the transformation of F{L) across 
the walls. The transformation is 

F{L)^{l-^liJXij)F{L). (4.15) 

For 2d particles on the right of the line defect, similarly 

F{L)^ F{L){l + yi^jX^j). (4.16) 

Note the change of sign between (4.15) and (4.16). We will see later that this is necessary 
for the wall-crossing invariance of the algebra of OPEs of line defects. 

The transformation (4.15) is precisely (2.2). Starting from this observation, and fol- 
lowing again the approach of [3], we get a new way of understanding the 2d wall-crossing 
formula. 

Our discussion of the "halo states" above invoked facts specific to the Landau-Ginzburg 
model. It would be very natural to believe that these states in fact exist in any 2d theory 
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and have the same behavior we have described; if so, this would give a real derivation of 
the 2d wall-crossing formula using only the halo picture. Unfortunately (and in contrast 
to the 4d case) it seems difficult to argue directly that this behavior is a universal feature 
depending only on the infrared physics. The difficulty is that we are considering infrared 
theories which are massive: the forces between the halo particle and the line defect are 
generated by irrelevant operators which are, after all, irrelevant at low energies. In [20] 
a full proof of the 2d wall-crossing formula was given, independent of the details of the 
theory, but it required the heavier machinery of tt* geometry. 

4.4 Framed indices in the 2d-4d case 

Let us now consider the general 2d-4d case. There is a Hilbert space of one-particle states 
in the presence of surface defects. If we have vacua i G V(S) and j' G V(S') then the Hilbert 
space is graded by the F-torsor Tiji , 

nu,SL,S' = © 'Hu,SLcS',a. (4.17) 

iev(§),i'ev(s')'^er.y 

As usual we will lighten the notation to Hi and 'HL,a- 

The two supercharges (4.1) preserved by the line defect imply a BPS bound: states of 
charge ^ij' have 

E > -Re {Z^^^JO- (4.18) 

So just as reviewed above, we can consider framed BPS states saturating this bound. 
Moreover, we can introduce a framed BPS degeneracy: 

U{u, SL^S', a; y) := Tr^BPse'^-^(-y)'^ (4.19) 

As usual we abbreviate this by Vl{L, a; y) and the value at y = — 1 by QJ^L, a). Here we have 
made a choice of u{l)v charge generator F. This generates a one-dimensional abelian Lie 
algebra and hence its spectrum is some set of real numbers, not necessarily integer-spaced. 
Moreover we have introduced the operator J' := 2Ji2 + 2/i2 which commutes with the 
preserved supercharges. Again the spectrum is some set of real numbers, not necessarily 
integer-spaced. 

The framed BPS degeneracies will undergo wall-crossing across two kinds of walls. 
First, halo states will be gained/lost when crossing walls of type VF^ for populated charges 
7 € F. Such states are shown in Figure 10. Second, there will also be wall-crossing across 
soliton walls (again for populated charges): 

FF,,, := {(uX) : Z.^JC < 0} i,k€ V(S), (4.20) 

Across the walls (4.20), a bound state involving a 2d "halo" particle with charge jik and 
degeneracy fi{'jik), sitting to the left of a core state of the line defect, appears or disappears. 
Such states are illustrated in Figure 11. Similarly (4.21) involves bound states where the 
halo particle is on the right. 
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Figure 10: A 4d halo particle of charge 7'' is bound to an interface in charge sector (the "core 
charge") to produce a framed BPS state of charge 7ij' = 7'' + 7,^^-,. 



"^"^ T 

Figure 11: A soliton of type ik and 4d electromagnetic charge -f^^. is bound to an interface in 
charge sector 7^^, to produce a framed BPS state of charge jij/ = 7^')^. + Jkj'- ^ similar picture 
applies to solitons of charge j'^,^, bound on the right. 

In §4.7 we will interpret the transformations (2.27) and (2.30) which enter the wall- 
crossing formula in terms of these "halo" states. The interpretation of (2.27) should be 
much like what we have just discussed in the pure 2d case. Similarly, we should interpret 
the wall-crossing associated with in terms of a halo of particles of charge 7, which 
surrounds a core state of the line defect with charge ^iji = ji — 7j' . However, since there 
are a number of potentially subtle points in the halo discussion, we first make some general 
remarks on the structure of the wall-crossing formula. 

4.5 Ring of line defects 

In [3] an important role was played by an algebra of line defects whose coefficients are 
vector spaces. There is a natural generalization to the case of supersymmetric interfaces. 

Indeed, consider two interfaces SL^S' and S'L'^S" preserving the same supersymmetry. 
We can define a new interface S(LoL')^S" by a (nonsingular!) OPE, bringing them 
against each other along the surface defect. It should be possible to compute the framed 
BPS generating function of the composition of the two defects by counting the framed 
BPS states of the system of two well-separated line defects L and L': the index should be 
independent of the distance between the line defects. If the distance between the defects 
is sufficiently large, the Hilbert space of ground states of the system should be the tensor 
product of the Hilbert spaces of the two subsystems. We should allow the strip of surface 
defect between the two line defects to be in any of its possible vacua. The only IR subtlety 
we should take care of is the fermion number grading, which can be affected by the gauge 
charges carried by the ground states: a system of two well-separated dyons might carry 
fractional amounts of angular momentum hidden in the electro-magnetic fields. 
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The coefficients of this OPE are vector spaces which are graded by F and J [3]. 
Replacing these vector spaces by their characters defines a deformed product LoyL' . As in 
[3] it is useful to describe this product by introducing the "quantum" generating function 

F{L):= mc,l^f■,y)X^,,, (4.22) 

iev(§),j'ev(s'),7,,'er,^., 

where, for the moment, are just placeholders. 

We now claim that with a suitable multiplication law on Xa we have the rule 

F{L oy L') = F{L)F{L') (4.23) 

that is, F is a homomorphism from the algebra of interfaces to the groupoid algebra^^ 
C[V]. 

In order to find the requisite multiplication law on Xa we use the relation 

'HLoyL',c = ®a+b=c'HL,a ® Ul' ,b ® K,b (4.24) 

where Afa,b is a one-dimensional representation of so(2)i2 ©u(l)r.. Let us define a{a, h) and 
n(a, h) via: 

(^^^\N.,,:=<y{aM (4.25) 

(-y)^k.,. ■■= i-yr^^'"^ (4.26) 

Note that a{a,b) is in general a phase and n{a,b) need not be integer because of angular 
momentum in massless degrees of freedom. 

Equation (4.24) is reasonable because we are working with indices and therefore - 
by topological invariance - we can separate the line defects an arbitrary distance from 
each other. The states can factorize but there can be shifts in the action of various u{l) 
generators. 

Now, equation (4.23) will hold provided 

XaXt = c7{a,b){-yr^-'''^Xa+b (4.27) 

for composable morphisms a, b. We continue to take XaX^, = if a, 6 are not composable. 
Associativity is guaranteed if n(a, b) and (T(a, b) are 2-cocycles on the groupoid. From the 
case with S and S' the null surface defects and the choice F = 2Ji2 we know from [3] 
that 71(7,7') = (7)7') and (7(7,7') = (— 1)^''''''''^ Now, these cocycles can be shifted by 
coboundaries. Physically, these correspond to shifts in the definitions of the generators F 
and J . By an argument analogous to that at the end of §3.3.5 we may assume that (T(a, b) 
are signs and n{a, b) are integers, and we will henceforth make that assumption. 

^^The existence of supersymmetric interfaces extends the groupoid algebra to include that for several 
surface defects. We understand V to mean this extended groupoid. 
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4.6 A 2d-4d spin wall-crossing formula 

Now we come to a crucial point. Wall-crossing must be compatible with the multiplication 
of line defects, since the latter is defined in the UV and hence independent of the choice of 
the vacuum. Therefore the wall-crossing transformation must be an automorphism of our 
groupoid algebra (4.27). This is a matrix algebra over the quantum torus, hence Morita 
equivalent to the coordinate algebra of the quantum torus, and hence a simple algebra. 
Therefore the automorphism must be inner. Therefore, across a wall of type W^, F{L) 
should transform according to 

f^:Xa^ $S,7^a^§/^. (4.28) 

As we will see below, the halo picture of wall-crossing suggests that <I>s^^ must have the 
form 

^s.7= n W {I + ^^Ay)x,uf'''''\ (4.29) 

ieV{§) s65i,^ 

with an analogous expression for *l*§','y. Here Si^^ is some countably infinite set of real 
numbers depending on i,7 and ipi^siu) is a "monomial in y," that is, it is a phase times a 
(possibly fractional) power of y. The important thing is that ^n,"/ does not depend on the 
detailed core charge a being conjugated. 

Similarly, across walls of the kind W^y^. we have again a conjugation (4.28), but now 
with 

<^Sn.,=a + V^Jy)Xj,,). (4.30) 

Here (/'7ij(y) is a sum of monomials in y. (See (4.37) below.) 

Given the transformation (4.28), we can use the same argument as in [3] to deduce a 
2d-4d analog of the Kontsevich-Soibelman motivic wall-crossing formula. Given a path V 
between two points in B x the accumulated transformation of F{L) is 

F{L) ^ ri^f*(P)F(L)r"s^*(P) (4.31) 

where 

T'''\r)=:ll^S,b: (4.32) 

b 

is the path-ordered product of the transformations taken across walls Wb of type (4.4) or 
(4.20) crossed by the path V. Given two paths V and V' with common endpoints such 
that the local system does not have monodromy around the corresponding closed path, we 
can state the spin 2d-4d wall-crossing formula in the form: 

T^^i\p) =T^^f\p'), (4.33) 

(An equivalent formula can be written with T^si^*.) A generalization can be stated which 
takes into account the monodromy of an arbitrary path V{V')~^. 

^^In equation (4.29) we have assumed, for simplicity, that on Wj the only populated charges with central 
charge Z parallel to Z^y are particles that themselves have electromagnetic charge 7. We continue to make 
that assumption below. 
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4.7 Halo picture 

We would now like to relate the quantities tpi^siu), d{i,s) and ip^^^{y) introduced in 
the wall-crossing formula above to physical quantities determined by Hilbert spaces of BPS 
states. 

4.7.1 Crossing soliton walls 

The first main statement of framed wall-crossing is that across W^.^, we have 

AT^BP^, = ±7i-s ^ ^BPS^, ^ (4.34) 

as representations of the abelian Lie algebra n(l) © n(l) generated by F and J . Here 
•^lik^kj'^^ is a one-dimensional representation with character e"^-^^(— y)"^-^. The overall 
sign of the right hand side depends on the direction the wall is crossed. 
To express this in terms of generating functions, define 

/x(7i,;y) := TV^bps e'"^(-y)^. (4.35) 

Comparing with the wall-crossing from (4.30) and taking traces we learn that 

= ±Ki^k;y) (%:^) (4.36) 

Putting y = — 1 we find agreement with the formal structure described in equation (2.27) 
provided that e"^^ on the one-dimensional space A/'^jfc,7^y ,L has the value cr(7ifc, 7fcj')- Sim- 
ilarly, it is natural to guess that n{a, b) defined in (4.26) satisfies ~ '^(Tifc, Ikj') = and 
hence we conjecture that 

^likiy) = ^Kiikiy)- (4.37) 

4.7.2 Crossing 4d walls 

Let us try to describe the halo particles relevant to wall-crossing associated with W^. We 
choose a specific IR Lagrangian description of the setup, i.e. a particular £ Fj and 
7°, e Tj,. As we have mentioned before, ^f, 7^/ measure the amount of electromagnetic 
flux which is threaded through the surface defects. The interface sources a total flux 'jiji, 
of which 7-' — 7^, is carried by the surface defects, while the remaining 

l'' = 7if-l^+lf^r (4.38) 

emerges into space. Thus, the duality invariant gauge field is 

F = -fij,ujs2 + -fpN - ifSs (4.39) 

See Figure 12. Here ujs2 is the unit volume form of the sphere and Sn,Ss are unit weight 
delta functions at the north and south poles. The decomposition (4.39) is noncanonical, 
but F is canonically defined and satisfies Dirac quantization. (The projection of the charges 
to Tg is understood here.) 
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Figure 12: The configuration of electromagnetic flux around an interface between two surface 
defects. The total outgoing flux through the blue sphere is ^iji + 7°/ — 7° € F. 

The "halo" then consists of 4d particles which couple to this flux 7^/ as in the usual 4d 
case, plus the contribution from 2d particles on the two surface defects. While these two 
contributions are not separately well-defined (they depend on our choice of Lagrangian), 
their sum must make good physical sense. As usual, the halo particles generate a Fock 
space, and in order to discuss the wall-crossing at the level of state spaces (i.e. at the 
"categorified level") we need to describe the oscillators which generate the Fock space. 
In Appendix D we analyze the Landau level problem for halo particles of charge 7 in 
the presence of the field (4.39). In a description where there are no chiral multiplets on 
the surface defect, the halo particles may be described by fermionic and bosonic creation 
operators A|„/ ^ „ where a again runs over |a^^h| values for every integer m, but now 
m' has a fixed fractional part and satisfies the inequality (D.12). The number of such m! 
values is the function Nki,k2 given in (D.13). The signed sum of the number of oscillators 
is given by (D.14). We identify this quantity with a;(7,7jj/). 

The framed wall-crossing formula for these walls says that across the Hilbert space 
of framed BPS states with core charge jiji+Nj for some N gains or loses a Fock space factor 
generated by A^^, ^ ^ . To express this formula more concisely we introduce a generating 
function F, analogous to (4.6), valued in the untwisted groupoid algebra: 

F{u,L^,{xa};y) := ^ U{L,a;y)xa, (4.40) 
i6V{§)j'eV{S')"erij/ 

which will be abbreviated to F{L). The Xa satisfy (2.25) with a{a,b) = 1. 

As in the pure 4d case, it is useful to define the "part of the generating function with 
core charge ^ij/" , 

Now each halo particle of type A}^, ^ ^ contributes a Fock space factor 

(1 + (-l)"y"*'+'"x^), (4.42) 
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and hence the transformation law across is: 

^7 ■■ ^ n (1 + (-l)"y'"'+'"x7)""'^^7.y • (4-43) 

m,m,' 

As before, we are assuming that the only 4d particles with central charge parallel to Z-y 
along in fact are those with charge 7. 

Similarly, there is a transformation law for crossing soliton walls W^-^.: 

T^^, : F{L) ^ (1 ± ^(7,fc)x^,jF(L)(l ^ Klik)x^J (AAA) 

where the sign is determined by the direction in which the wall is crossed. 

We now face an issue analogous to that in the pure 4d story, discussed just above 
(4.13). The transformation (4.43) is written directly in terms of the physical halo particles, 
but has the awkward feature that the prefactor depends on the core charge 7,^', through 
the range of m' . On the other hand, in §4.6 we found that there should be a nicer way of 
expressing the framed wall-crossing: indeed, it should be possible to write it as conjugation 
by an operator <1>§^^ depending only on the wall which is crossed, not on the core charge. 
What we would really like is to determine <&§_^ physically, in terms of the halo picture we 
have been discussing in this section. We indicate briefly how to do this in §4.7.3. 

While we will not carry out that analysis to the end, there is one specialization that is 
easier to deal with. Beginning with (4.43) and (4.44), taking y — )• — 1, converting to twisted 
(but commuting) variables, and making use of (D.14), we recover the transformations (2.30) 
and (2.27) which appeared in the 2d-4d wall-crossing formula of §2. In particular, after this 
specialization the spin 2d-4d wall-crossing formula (4.33) reduces to the ordinary (non-spin) 
2d-4d wall-crossing formula we use in the rest of this paper. 

4.7.3 Determining the generalized quantum dilogarithms 

In this section we finally explain how to relate the <I>§^^ appearing in the framed wall- 
crossing across W.y to physical data defined in terms of halo Fock spaces. 

We define a linear map ^' between the quantum groupoid algebra generated by Xa 
satisfying (4.27) and the (untwisted) groupoid algebra generated by Xa- 'if{Xa) = Xa- Note 
that ^ is not a ring homomorphism! 

Compatibility of the framed wall-crossing formula with the physical halo picture is 
simply the statement that the following diagram commutes: 

F^F ■ (4.45) 
1- 

F ^^F 

This condition can be used to write recursion relations for the exponents d{i, s) and d{j' , t) 
in terms of ftm,7i 7 

and 7jj'. It can also be used to obtain the monomials tpi^siv)- 
As an illustration of how this works, let us consider the formula 

XaXb = 4^(-y)"^"''^""^''"^^6^a, (4.46) 

a{b, a) 
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valid when both a + b and b + a are composable morphisms. In particular this holds for 
a = 'J and b = 'jij', and we can use this to rewrite (4.28) as 

Xa ^ Hii + vUy)^,)''^'''^ Uii + ^f,t{y)x,)-'^''''^Xa, (4.47) 

hs j',t 

where ipj,^t{y) = ^(-y)"("'^)-"(^''^Vi',t(y)- 

The products on the left only depend on the Xa through the single variable X^ and 
hence can be treated as functions of a commutative variable. In particular they can be 
expanded as a series (1 + X^^>o ^nXn'j), which can be combined to rewrite the right hand 
side of (4.47) in the form 

Xa+Y. ^Na{Nj, o)(-y)"(^^'«)l^^+a. (4.48) 

N>1 

Now we can easily apply ^ since that map simply takes monomials to monomials. Com- 
paring the result with the transformation (4.43) of F, we would find recursion relations 
implying that <I>§^^ is an infinite product, generalizing the quantum dilogarithm which 
appeared in the 4d case. 

It would be worthwhile working out further details and examples of the spin version 
of the 2d-4d wall-crossing formula, but we leave this to another occasion. 

5. Compactification to 3d and hyperholomorphic bundles 

So far we have written the 2d-4d wall-crossing formula, explained in detail a physical 
context to which it is relevant, and given a physical derivation of it based on the halo 
phenomenon. We now turn to the 2d-4d analog of tt* geometry. 

5.1 The dimensionally reduced action 

We consider the compactification of the combined 2d-4d theory on a circle of radius R. 
A surface defect which wraps the compactification circle will give rise to a line defect in 
three dimensions. As such, at energies much lower than 1/R we will obtain an effective 
ld-3d theory, whose effective Lagrangian we wish to study. If 1/R is much smaller than the 
scale where the 4d IR description breaks down, then a good approximation to the ld-3d 
Lagrangian will be obtained by naive dimensional reduction of the 2d-4d IR theory. This 
gives the exact ld-3d Lagrangian in the limit i? — )■ oo. For finite R there are quantum 
corrections which can be interpreted as coming from BPS particles of the 2d-4d theory 
going around the compactification circle; these corrections are crucial to our story, but for 
now we are only discussing the limit of infinite R. As for the metric on the target space, 
this was discussed in detail in [1]. After patching, the dimensional reduction of the bulk 4d 
term in (3.12) gives a sigma model into a manifold Ai, a torus bundle over the 4d Coulomb 
branch B, with a simple explicit metric g'^^. 

To find the corresponding Id action we turn to the reduction of the term integrated 
over the surface defect, namely, the second line of (3.17). Before reduction this term can 
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be written as 



J dx'^dx^ {viFi^ - a'Go3,i) (5.1) 



where the dual gauge field is given by (3.18). The auxiliary field has been integrated out 
and the resulting infinite expression is cancelled by taking into account the last term in 
the definition of Cos,/. We can now dualize all of the gauge fields to scalar fields in 3d 
according to 

die^= (fdx^{^,¥i3). (5.2) 



This defines a scalar field 9 valued in T* (8)M/ (27rZ). Note that for flavor charges 7/ G 
we learn that d^j, are constant. After choosing a duality frame we define 9^ := 9^1 and 
9m,i '■= 9ej ■ Note that for a charge 7 = p^ej + qje^ we have d9^ = d9 -j = qid9l + d9m,iP^ ■ 
Thus, (5.1) leads to a very natural supersymmetric line defect in the sigma model. Its 
bosonic part is the path-ordered exponential of a simple U{1) connection 

„0 ASi 



exp J dx^A^' (5.3) 

where in this expression we mean the integral of the pullback of the locally-defined one- form 
on M: 

A'^ = iu-d9 = i{T]id9i + a^d9m,i). (5.4) 
When we wish to emphasize the choice of the vacuum i of S we write ^4^^. 

5.2 Globalizing 
5.2.1 Line bundles 

As emphasized in §3.3.5, the 2d-4d action is only locally defined on B: there is no single 
Lagrangian description which encompasses the whole IR theory. So strictly speaking, we 
must perform the dimensional reduction in each patch and then glue the dimensionally 
reduced theories together, taking account of the necessary electromagnetic duality trans- 
formations and shifts of Wj . The expression Af is duality invariant and will glue nicely as 
a one-form across patches requiring an electric-magnetic duality transformation. On the 
other hand, the superpotential Wj is not globally defined. It determines, locally, a choice 
of basepoint 'yf G Fj. A change of superpotential is equivalent to 7° 7° -I-7, with 7 S F. 
This leads to a shift of Vi by i^i — t- + 7 which in turn induces a gauge transformation 

^ Af + id%. (5.5) 

Therefore, we can cover B with patches Via so that on patch overlaps Uajs the semiflat 
connections differ by gauge transformations of the form (5.5) for some 7i,Q/3 E F which 
satisfy the cocycle condition on triple overlaps. We can therefore interpret Af as the 
connection on a line bundle Vi over Ai, whose transition functions are e ^^^-^P . (This 
statement will need to be slightly amended. See the next section below.) Changing the 



^®To be precise, there are some subtle shifts of vr when adding the scalars 6-y, due to the supersymmetry- 
preserving boundary conditions. The correct additivity statement is that e'^^e'^"*' = (—1)^^'''' ^e'^T+^' 
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local description by taking 7^' 7^ +7a in patch Ua (with 7^ G F) changes the local framing 
of Vi and modifies the transition functions by a coboundary. Below we will identify Vi as 
the vacuum line bundle (for vacuum i) of the reduced one-dimensional quantum mechanical 
problem. 

It is worth remarking that if we interpret as a section of the torus fibration for the 
algebraic integrable system Ai of the theory as in §3.3.6 then the connection A^^ naturally 
corresponds to a flat connection A^^ on the dual torus. Therefore, when restricted to a 
torus fiber we can view A^^ as the restriction of the canonical connection on the Poincare 
line bundle to T* ® M/(27rZ). 

5.2.2 Vector bundles 

There is an important subtlety we have suppressed above: the index i labeling the vacuum 
is not globally defined — rather it labels a sheet of the ramified cover B§ — )• B. This implies 
that the line bundles Vi also do not exist globally over M. What does exist globally over 
Ai is their direct sum, a rank n vector bundle which we denote as 

Vn:=^Vi. (5.6) 

i 

If we use trivializations given by local superpotentials as above then the transition functions 
on patch overlaps Uajs will be either diagonal matrices with i element e ^'-"/s , or (constant) 
permutation matrices. V§ carries a connection A^^ which is diagonal (in each patch) with 
respect to the decomposition into the Vi. Given the above transition functions we can 
define a Hermitian structure by declaring that the framings Si^a on Via implicit in choosing 
the gauge (5.4) form an orthonormal basis for V§. We will refer to this as the unitary 
framing. 

We hasten to add that equation (5.6) is only a statement about C°° vector bundles. In 
particular, the diagonal structure of A^^ is an artifact of the i? — )• 00 limit. At finite values 
of R the quantum effects coming from 2d solitons (whose worldlines are reinterpreted as 
Id instantons) imply that the connection A on the bundle = V§ will be corrected: in 
particular, it is no longer diagonal with respect to the decomposition of F as a sum of line 
bundles given in (5.6). In the framing we have described above, the connection A will be 
exponentially close to a diagonal connection for large R. The quantum-corrected connection 
is a rather nontrivial and interesting object: it is the 2d analogue of the quantum-corrected 
hyperkahler metric on M which played an important role in [1]. We will see below how to 
construct it more explicitly using results of §5.6 and Appendix E. 

5.2.3 Twisted vector bundles and mirror symmetry 

In §3.4.1 we explained that the torsors Tj might not exist as F-torsors. In such cases there 
will be further complications in the geometrical construction of V§ since the fractional 
shifts of 1^ are not good gauge transformations. As further explained in §3.4.1, under some 
conditions one can construct the Fj as twisted torsors. In these cases the Fj will have have 
monodromy shifts by ^F for some integer n. In such cases the overlap transition functions 
g^^i,ap y^iw ]-,g ambiguous by an n*'^ root of unity. Even if we choose a good cover, so that 
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we can choose an unambiguous n root on each patch overlap Ua/s, the cocycle condition 
can fail on triple overlaps by an n''^ root of unity. Such an object defines what is known as 
a twisted bundle. In principle, from the monodromies of the torsors Tij one can construct 
the gerbe of the twisting. It would be desirable to have a more streamlined version of this 
construction. 

In string theory, twisted bundles are associated with background B fields [51]. The 
role of S-fields in three-dimensional sigma models is discussed further in Appendix G, 
where they are related to global symmetries. Recall from §3.6.2 that when there are 
obstructions to splitting Tij = Ti — Tj we can, in some cases, nevertheless modify the theory 
to incorporate the troublesome (but desirable) surface defects in a well-defined theory by 
gauging a suitable discrete flavor symmetry. As explained at the end of Appendix G the 
-B-field associated to the gauging of discrete flavor symmetry allows the definition of well- 
defined amplitudes in the 3d sigma model when the target space has a twisted bundle with 
(twisted) connection. 

Another useful viewpoint on the emergence of twisted bundles comes from further 
reduction to two-dimensional sigma models, where we can use mirror symmetry. It is well- 
known that reduction of four-dimensional gauge theory on two circles produces a sigma 
model which has a self- mirror target. In the 4d = 2 theories we are discussing, that 
target will be or Ai. Mirror symmetry — which amounts to T-duality on the fibers 
over B — is induced by switching the compactification circles, and the theory is self-mirror 
because the lattice of charges Tg is self-dual. If we now consider 2d-4d systems we can 
wrap the surface defect around one compactification circle — as we have been doing — 
to produce a line defect in the three-dimensional sigma model, and then we can take the 
second reduction circle to link the defect. That is, we reduce with respect to a U{1) 
isometry, with a fixed point on the defect. This is often described as compactification on 
a cigar geometry. As described in [52] , the defect at the tip of the cigar requires boundary 
conditions which describe branes in the sigma model. As we have explained above, the 
resulting brane has support on all of Ai and carries (see §5.3 below) a hyper holomorphic 
connection. If, on the other hand, we first reduce along the linking circle and then along 
the transverse circle the resulting brane has fixed values of the scalar fields 9.y, and hence 
is a Lagrangian brane, a section of 7W — )■ (See §3.3.6.) We conclude that these branes 
are mirror dual to each other. 

Let us now consider this two-dimensional reduction in the case when the surface defect 
has a set of superpotentials leading to an anomaly in the splitting Tij = Fj — Tj. Then, 
once again, in good cases, we can retain the surface defect by gauging a suitable discrete 
flavor symmetry. In this case, the Lagrangian brane is a multisection of Md defined below 
equation (3.72), while V§ is a twisted bundle. This picture fits in very well with the work 
of Hausel and Thaddeus [53] who showed that for Hitchin fibrations the phenomenon of 
having a disconnected fiber is mirror dual to having a discrete S-field. (See also §7.2 of [5] 
for a discussion in the physics literature.) 



This description is incomplete. One should specify the bundle and connection on the Lagrangian brane. 
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5.3 Constraints from supersymmetry: hyperkahler and hyperholomorphic 

The compactified theory has 8 supercharges {J\f = 4 supersymmetry in 3 dimensions). This 
imposes strong constraints both on the 3d and Id parts of the effective action. 

The constraints on the 3d part are well known: they imply that the metric g on A4 
must be hyperkahler. The hyperkahler property means {A4,g) is Kahler with respect to a 
family of complex structures J*-^\ parameterized by ^ £ CP^. 

We now consider the analogous constraint on the Id part of the action. Thompson 
[54] studied supersymmetric loop operators in (topologically twisted) = 4 sigma models, 
with bosonic part of the form 

TiPexp^dx^A (5.7) 

where ^ is a connection pulled back from some bundle V over the target M. (The full 
supersymmetric expression corrects A by a fermion bilinear times the curvature.) He found 
a strong constraint on the connection A: the field strength F must be of type (1,1) in all 
the complex structures J^^^ of the hyperkahler manifold M . Such connections are said to 
be hyperholomorphic. ^® 

The reason for this moniker is that we can use the (0, 1) part of A to define a notion of 
holomorphic section of V, in any complex structure J^^^: namely a holomorphic section s is 
one for which [d + A)s is of type (1, 0). So A equips V with the structure of a holomorphic 
vector bundle V^'^'i over M^^\ for ah C G CP^ 

5.4 The semiflat connection is hyperholomorphic in the semiflat geometry 

In this section we verify that the field strength of the connection we have found in the 
semiflat approximation, 

Ff = dAf = idui ■ d9, (5.8) 

is indeed of type (1, 1) in all complex structures on {A4,g^^). 

To prove this, we flrst quickly review the hyperkahler structure of g^^. The complex 
structures j(f=o) and JK=~) are rather difi'erent from the rest: in these structures the torus 
fibers of A^^^^ = (A^, J^^^) are compact complex submanifolds (in fact abelian varieties). 
In particular, the fibers admit no non-constant holomorphic functions. In contrast, at other 
C there are plenty of holomorphic functions, which we can even write explicitly: 

3^^^ := exp [ttRZ^/C + + ttRZ^C] ■ (5.9) 

(Notice that 3^^^ is only a locally defined function on A^. If we try to analytically continue 
3^^^ to a global function it will typically come out multivalued, because of the monodromies 
of r around the singularities of ;B.) It will be useful to introduce the symbol dlog^''^^ for 

■^*Using the notation and conventions of Appendix B of [3] a simple explanation of the result can be given 
as follows. The integral written out more fully is of the form J da;" (^Aaiif""^ + i^Faibjipa^i'^'' ^a^b^'^^^ ^'^^ 
some constant k. If is a vector in S determining the complex structure then Faibju'^u'' determines the 
(2,0) part of the curvature in that complex structure. But this symmetric combination does not appear 
in the fermion bilinear term, and hence for the supersymmetric variation of Aai'p"'^ to cancel the fermion 
bilinear term the (2, 0) part of the curvature must vanish in all complex structures. 
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a 1-form valued in F*, dlog3^^^ = dlogj^*^^ • 7. Then the semiflat geometry is summarized 
by the assertion that this form is of type (1,0). 

The relation (3.15) between Ui and the twisted superpotential Wj may be rewritten in 
the elegant form 

dWi = Ui ■ dZ. (5.11) 

It follows that dui ■ dZ = and also (by complex conjugation) dvi ■ dZ = 0. Using these 
facts, and linearly extending dlog^^*^^ to be valued in T* (g) M, we can write 

Ff = idly^■d\ogy'^. (5.12) 

Since dlog3^**^ is of type (1, 0) this proves that Ff^ has no (0, 2) component in any complex 
structure, and, since it is pure imaginary, this implies it is (1, 1) in all complex structures. 
We conclude that Af is a hyperholomorphic connection on Vi. 

We can actually write down holomorphic sections explicitly: in the gauge (5.4) we take 

yf := exp [nRWi/C + + TrRWiQ . (5.13) 

Here 6i is a generic constant introduced for future convenience. To check that yf IS a 
holomorphic section, we calculate 

{yfr\d + A^')yf = V, . (^dz + TTRCdz^ + iu, . d0 
= ui-diogy'' 

which is manifestly of type (1,0). If we take Z^o := Wj, then for ji = 7,^ + 7 we can define 

^ (5.15) 



y;l := yfy^^ = exp 



c 



where for future convenience we set e'^^^ = (1(7^^, 7)e'^'e'^^. The 3^^^ provide a basis of 
holomorphic sections. 

From now on, we will define angles Oa and sections 

yf = exp[7rRZa/C + iOa + TrRZaC] (5.16) 

in such a way that 3^^^ satisfy the same twisted multiplication rules as the Xa in (2.25) of 
§2. (Note that when a, b are not composable it does not make geometric sense to multiply 
yf by yf, so their "product" is zero in the sense that we will never meet it.) This choice 
is motivated in S5.8. 



^®It is sometimes useful to choose a duality frame and work with an explicit basis of (0, 1) vector fields. 
One can check that the vector fields 
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indeed annihilate dlog3^°^. 
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Remark: As we have said, in the canonical framing imphed by (5.4) we must make a 
gauge transformations on patch overlaps Uap so that Af — )• Af + id0^^ because Wi — )• 
yVi + Z^y. . From the description of the holomorphic sections in complex structure C, which 
we have just given we can see that we could take the yf to be a local framing of Vi and 
then across patches the transition functions are holomorphic: yf — )• 0"(7j^, 7j,a^)3^|^ ^^3^|^ 
thus endowing Vi with the structure of a holomorphic line bundle in complex structure 
Now, in (5.6) we have defined V C°° bundle direct sum of line bundles. However, 
the hyperholomorphic connection we will construct is not diagonal with respect to this 
decomposition. Thus, although both V and the Vi can be endowed with the structure of 
holomorphic bundles in complex structure (5.6) is not an isomorphism of holomorphic 
bundles. 

5.5 Physical interpretation of V: Expectation values 

Now let us consider the expectation values of supersymmetric interfaces. 

In the uncompactified IR theory, such interfaces are easy to describe. Indeed, to 
describe an interface in the IR between two surface defects with twisted superpotentials 
Wi and Wj', we simply divide M^'"*^ into two half-spaces along some line, say xq = 0, and 
integrate Wj on one half-space and Wj' on the other. By itself this breaks supersymmetry, 
but we can make the interface half-BPS by adding a simple boundary term to the action 
[17]. In other words, we insert at xq = xi = X2 = ^ the line defect 

L = L^o, = exp ^ y dx3 [{Wi - W,v)/C + (W. - W^OC]- (5-17) 

Here C, is an arbitrary phase, so this is really a family of interfaces L = L(^. (See Appendix 
A for further explanation of how (5.17) restores holomorphy.) 

When we wrap the defect on a circle of radius R we can speak of expectation values 
(L ). In the i? — t- oo limit where naive dimensional reduction works, we immediately see 

ij' 

using (5.17) that the expectation value of this IR interface is simply 

(L^o ,) := exp [vri? {W^ - Wj>) /( + ttR {Wi - W,,) C] . (5.18) 

The expectation value of UV-defined interfaces will be a sum over sectors of vevs of such 
IR interfaces. Combining (5.43) with (4.19) leads then to a consistency condition on the 
choice of framings e'^' = e '^i , 

e'-V = a{j^j,,j^>)e'^^'~^^'\ (5.19) 

L is not the only possible supersymmetric interface between these two surface de- 
fects. We can get a whole family of such interfaces by bringing IR line defects with charge 
7 E r close to L^o ^. The analog of (5.17) for the IR line defect is 



L-y := exp - / dx3 



Z. 



(5.20) 
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Thus, the vacuum expectation values of these other interfaces are £7(7, — 7^/)3^ (>_ 3^7 • 
What distinguishes L from the other members of this class is only that L looks 

ij' ij' 

particularly simple with respect to the Lagrangian description we have chosen. 

Now suppose we change our choice of Lagrangian description by shifting the super- 
potential Wi by Z^. In the new picture the vacuum expectation values of interfaces look 
slightly different. There is again a "simplest" interface L' , whose vacuum expectation value 
is given by (5.18) with the new Wj. The interface L' is not quite L, however; it differs by 
the addition of an IR line operator with charge 7. (One could see this, for example, by 
comparing the central charges of the two interfaces.) So {L) in the new picture is obtained 
by starting with (5.18), shifting Wi by and then dividing by y^^. These two effects 
cancel each other out as far as the (^-dependent terms go, but leave behind a C-independent 
shift: we find that if we change our Lagrangian in this way, (L) is multiplied by e'^''. Sim- 
ilarly, if we shift Wj by Z^, then (L) is multiplied by e"'^''. This fact can be summarized 
by saying that (L) is a section of the bundle Hom(V^/, Vi). 

Moreover, since each Vi has the connection Af making it into a hyperholomorphic 
bundle, we also get a hyperholomorphic structure on Hom(V^/, 1^), with respect to which 
(L) is a holomorphic section. This holomorphy reflects the fact that L preserves the 2 
supercharges (4.1). 

This interpretation of (L) allows us to give a more physical understanding of the line 
bundles Vi and Vj'. Indeed, on general grounds (L) depends on the choice of quantum 
vacua for the surface defects S and S'; it should really be thought of as a linear map from 
the vacuum ray in vacuum i to that associated to vacuum j' . This matches very well with 
the fact that (L) is a section of Hom(V^/, Vi), if we identify Vi as the vacuum ray associated 
to the classical vacuum i on S, and Vji as that associated to classical vacuum j' on S'. 

As we have mentioned above, at finite R we expect that the vector bundles of vacua Vs 
and V§' still make sense, but their decomposition into individual line bundles Vi and Vj/ is 
not very useful. Nevertheless, the constraints from supersymmetry still operate, and imply 
in particular that the vev (L) of any supersymmetric line defect L should be a holomorphic 
section of the hyperholomorphic bundle Hom(l^/,y§). 

There is a useful observation concerning the twisted vector bundles associated to sur- 
face defects carrying flavor monodromies. Physically, interfaces are expected to exist only 
between surface defects which carry the same flavor monodromy. This is consistent with 
the idea that the vector bundles associated to these surface defects are twisted by a i?-field 
as in §5.2.3. The bundle Hom(V§/,V§) is a true vector bundle, with well-defined sections, 
only if the two surface defects have the same twisting, which in turn means they must carry 
the same flavor monodromy. 

Finally, we remark that another physical interpretation of the connection A is that it 
is a Berry phase connection. This can be deduced from the considerations of Appendix A 
of [17]. 

5.6 Integral equations 

In this section we introduce the main integral equations used to construct the hyperholo- 
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morphic connection A on the bundle V§. For brevity we simply denote the bundle by V. 
The examples of §6 are meant to demonstrate that this is a physically reasonable connec- 
tion, and is indeed the exact result of the sum of the quantum corrections from 4d and 2d 
BPS states to the semiflat connection. 

As we have mentioned, the construction of A is closely analogous to the construction 
in [1] of a hyperkahler metric on A^. A key step in reference [1] was the construction of 
holomorphic functions y^, corrected versions of the y^^ which appeared above. The y^ 
were obtained as solutions of an appropriate integral equation, whose building blocks were 
y^^ and the BPS data ^(7): 



3^7(0 



3^^'(C) exp 



7' 



1 
47ri 



dC C + C 

C C'-C 



log(l-3^y(0) 



(5.21) 



In this section we present a similar system of integral equations which determines 
certain sections y^iiC) of V, likewise built from 3^^^ together with the BPS data ^^(7), 
nijij), and u){'y,^a)- For any fixed ( £ , the y^jiiC) induce a holomorphic structure 
on V, in a tautological way: we take the holomorphic structure such that all 3^7; (C) are 
holomorphic sections. Moreover, all of these holomorphic structures come from a single 
hyperholomorphic connection A on V. We explain the construction of A from the y^- in 
Appendix E. 

The sections y^y- are piecewise holomorphic in C and will undergo morphisms corre- 
sponding to those of §2.3 when ^ crosses /C-rays and 5-rays. The key to our system is to 
separate the Riemann-Hilbert problems associated with /C-rays and 5-rays by writing y^^ 
as a product of two pieces: 

y^,=gix^,, (5.22) 



where x^.{C) is a section of Vi and gi{C) a linear map Vi 
The X7. (C) are defined by the equation 



V. 



^7.(0 :=3^;:(C)exp 



(5.23) 



For i 7^ J, we also define sections x^^^ {() oiV*(dVi by representing ^ij = 7j — 7j and taking 

: = 0" (7i j , 7j ) " ^ x-^- (5.24) 
Now the key integral equation for : Vk ^ V is 

9k{0=9f+ E ^T^MOx.jn (5.25) 



where g^ is a i^-independent and nowhere vanishing linear map Vk ^ V. (Recalling that 
as a C°° bundle V = (BVi, the obvious choice for g^ would be just the inclusion map, but 
other choices could be convenient.) 
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In [1, 2] it was argued that the integral equation (5.21) has solutions when R is taken 
large enough, and that in this case the solutions have no poles or zeroes, but the situation 
might become more complicated for smaller R. We expect a similar story for (5.25). In 
what follows we mostly restrict ourselves to large R and assume the solutions do exist. In 
particular we assume that R is sufficiently large that no zeros develop so that has no 
kernel. In that case y^. have well behaved asymptotics: precisely, 3^7i(C) (3^7^(0)"^ is finite 
in the limit ^ — )• 0. They are also multiplicative in the expected way: 

3^73^7. =^(7, 7i)3^7+7.- (5-26) 

It is also very convenient to consider gi{C) to be column vectors in the unitary framing 
of V described in §5.2.2. Choosing some ordering of the vacua we can then assemble these 
column vectors into a matrix g{Q := (Bgi- We consider (7 to be a linear transformation 
g '■ (BVi —7- V. When C crosses a BPS ray i^.^ in the counterclockwise direction we find that 

g{0 ^ 9{C){1 - K7j^)ej^x^,,) (5.27) 

where eji : ©Vfc — )■ ©V^ is the matrix unit. (Thus, only ejiX^^. makes good geometric 
sense.) 

Now, an important application of the above integral equations is that they allow us to 
construct the expectation values of general supersymmetric interfaces between S and S'. 
Denote the corresponding vector bundles by V, V respectively. Then we aim to construct 
locally defined holomorphic sections 3^7.^, of ilom(y' ,V). Recall that 7j is a morphism 
in hom(i,o) in the vacuum groupoid V[S] so the 3^7. are geometrically sections of V and 
physically are expectation values of interfaces with the vacuum i on the left of the interface. 
Similarly we can define objects 3^-7^ corresponding to having the vacuum i on the right. 
Geometrically these are sections of V* . The analog of (5.22) would be 3^-7^ = g-iX-^^ 
where g-i : V* ^ V* . However, for our purposes it is more useful to invoke the canonical 
isomorphism IIom(V^*, V*) ~ Hom(y, Vi) and regard g-i : V ^ Vi and therefore 

y.^^ = x.^^g.i (5.28) 

as a section of V* . The g-i{C) are constructed from the integral equation 

g^,{C)=A- E ^(^^^^Z^/ ^7^^7«(C')9-KC')- (5.29) 

In analogy to g = (Bgi we can define g- := (Bkg-k, and regard g- as a linear transfor- 
mation V — )• ©fcVfc. Now, as C crosses a BPS ray £7^.^ in the counterclockwise direction we 
find that 

5-(C) ^ (1 + K-fji)ej,x^^Jg-{C) (5.30) 

It now follows that gg- : V ^ V is free of singularities in the C plane, and hence must be 
constant. Taking the C ~^ limit means that it is equal to its semiflat value, which may 
be taken to be the identity transformation. Similarly, g^g : ©V^ — ?■ ©V^ transforms by 
conjugation, but the identity matrix will satisfy the Riemann-Hilbert problem and hence 
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from either order we conclude that if we take g_ = {g then the quantum corrections 
respect g- = g~^. In particular, if we regard gk as column vectors then g^k is the k^^ row 
of the inverse matrix g~^. 

Finally, with these remarks in hand we are ready to define, for i ^ j: 

y-y.j ■= 9ie-ijX^,,g-j (5.31) 

and, more generally, with two different surface defects we have the obvious modification 
giving: 

y%j>{C) ■= 9i(^ij'X^,,>9-j' (5-32) 

as a locally defined section of Hom(y, V). 

We conclude this section with a number of remarks: 

1. The fact that is the i^^ row of the inverse matrix to g is not obvious from iterating 
the integral equations (5.25) and (5.29). 

2. In general we expect the linear transformations gi and g-i to become singular on the 
locus B^^""^. 

3. If we define = 3^-^ then we can extend our definition (5.31) to construct J^-y^- G 
Hom(y,y),andE^3^7« =3^7lv. 

4. Again using the unitary framing, we can also put the x-y. together into a diagonal 
matrix x. Then the fact that [(d + A)3'^.]*^'^ = (as explained in Appendix E) implies 
that 

{g-^Ag + g~^dgf^^ = -{x~^dxf^^ (5.33) 

and hence g can be regarded as the gauge transformation which diagonalizes A to a 
direct sum of connections on Vi. 

5. In [1] a reality condition was imposed stating that y-i{C) = 3^-7(— 1/C)- This is 
compatible with the integral equation provided $^(7) = i7(— 7). (Of course, ^^(7) is 
also real.) An analogous reality constraint can be imposed on the quantities defined 
above. Recall these are expressed in the unitary frame, allowing us to define an 
Hermitian structure on Vfc and V . First to 7? we associate a — 7^* by requiring that 
Z = —Z o. Then 

^(^^^^^^) ^-7,(-VC) = ^7/(-VC) (5.34) 

provided 

w(7,7i) = a;(-7, -7i) (5.35) 

Once again, we can also take 01(7, 7^) to be real. Second, using the Hermitian struc- 
ture on Vfc and V (defined in in §5.2) we can demand that 

{9k{0)^ = 9~k{-l/0. (5.36) 
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One can check using the integral equations that (5.36) will hold provided that it is 
true for the semiflat value and provided that 

f^i'yek)x^,^{C) = -Klke)x-y^,i-l/C) (5.37) 
where 'jki = —^ek- This can be written as 

Kiik) = -K'yk£)(^{i£k,'yke)- (5.38) 

(In deriving this one might find it useful to note that if jij = 'ji — 7j = — 7ji then 

o"(7ii,7i)o-(7ji,7i) = (5.39) 

a relation which will be useful again later.) 

6. Finally, regarding (5.25) in its matrix form, a special case reduces to the important 
integral equation used by Cecotti and Vafa in their discussion of tt* geometry [20] . 

5.7 Wall-crossing formula as a consistency condition 

We have made a proposal for a construction of the exact A incorporating corrections both 
from 2d and 4d BPS particles. One of the main points of our story is that the 2d-4d WCF 
is the condition implying that this A does not jump at walls of marginal stability. Let us 
now describe how this works. 

Suppose y^. is constructed as above. What is its analytic structure like? From the 
integral equations we see that y-y^iC) depends holomorphically on except when C hits one 
of the integration contours or . y-y- {() jumps when ( crosses one of these contours. 
The situation is quite parallel to that of [1]. As in that case, one can determine the jump 
of 3^7i (C) by Cauchy's theorem: 

• As C crosses i-y, we have the discontinuity x.y-{C~^) = x^^{(~){l —y.y)'^^"''"'*\ where C"*" 
is on the counterclockwise side of i^, which gives 

y,Ac-') = y,Ai-yjr^^'^'\n- (5.40) 

This is exactly the effect of the transformation /C~'^ from (2.30). 

• As C crosses i^-., we have ^^(C"^) = 5i(C~) - ^J'ilji)9jX■yJi{C~), which gives 

y,AC) = y^Ac) + l^{lJMlJ^,l^)y,AC)■ (5.41) 

This is exactly the effect of as given in (2.27). 

These discontinuities are, fortunately, rather benign: y jumps, but (as explained in 
Appendix E) this jump does not lead to a discontinuity of A. However, in order for A to 
be continuous, it is important that there should be no other discontinuities of 3^. Imposing 
this requirement leads directly to the 2d-4d WCF. The argument is basically the same as 
one described in [1, 3] for the 4d WCF, and so we do not repeat it here. 
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5.8 y^y^ and framed BPS states 

So far we have constructed some holomorphic sections y^- (C) of the holomorphic bundle 
y^^^ over Let us now consider what they mean physicaUy. It foUows from the 

discussion in §5.5 that - heuristically - we can identify y^^ as the expectation value of an 
"IR line defect" with charge ji, which sits at the boundary of the surface defect S. This 
intuitive picture is not entirely sharp, because it is hard to give a precise definition of an 
"IR line defect." 

We can give a sharper interpretation of the y^. following our earlier work [3], where 
we addressed a similar issue for the functions y^ . There we argued that the vev of any UV 
line defect L wrapped on the compactification decomposes as a sum of the y^: 

{L) = Y,mL,i)y^{0- (5.42) 

7 

This expansion identifies y^ as the contribution from a single framed BPS state of charge 
7 going around the compactification circle. Repeating the arguments of [3] we have a very 
similar story in our present 2d-4d context: letting be a UV line defect which is an 
interface between S and S', we expect that there is a universal expansion 

{L)= Yl n(i,7.,')3^7.y(C). (5.43) 

(It is universal in the sense that the expansion functions y^y-jiiC) do not depend on L.) So 
we identify 3^7.^./ similarly as the contribution from a single framed BPS state of charge 
7ij/ going around the compactification circle. Of course in order for this expansion to be 
compatible with the OPE discussed in §4 it is crucial that the 3^^ and Xa satisfy the same 
twisted multiplication rules. This was the motivation for our introduction of the constant 
angles 9a in (5.9). By analogy to [1, 2], we expect that the J'^.^., could be characterized 
by a pair of requirements: first, every (L) admits a finite expansion of the form (5.43); 
second, the analytic continuation of y-y. ., from a generic ray C £ e^'^M+ to the half-plane 
centered on that ray behaves asymptotically like 3^^^ , as C — )• 0. 

Note that while y'y.., and il(i^f,7ij') are both discontinuous as functions of (u, C) (the 
former as noted in §5.7, the latter because of the framed wall-crossing) these discontinuities 
precisely cancel in (5.43), leaving {L(^) continuous, as it should be. 

6. Local models and resolution of singularities 

In this section we consider two examples where the quantum corrected connection A can be 
described more explicitly. These examples give a concrete check of our integral equations 
by studying models with various simplified assumptions on the spectrum Q,uj,fi. These 
simplifications typically arise when describing the light spectrum near certain local singu- 
larities in B. These examples, which are the analog of §4 of [1], also provide illustrations 
of one of the important features of the story: the real-codimension-2 singularities in the 
connection A^^ are smoothed out (or at least improved) by the quantum corrections, in the 
sense that the corrected A only has singularities in codimension greater than 2. 
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Recall that in the four-dimensional theory a typical singularity arises when a 4d particle 
of charge 7 becomes massless, i.e. Z^{u) — )■ as u — ?■ mq but with 0(7; tio) 7^ 0. If — as 
we assume — the only particles which become massless at uq have charges proportional to 
7 then near uq, the space M locally factors as a product of a smooth hyperkahler space 
times a four-dimensional piece, the latter fibered over a one-complex-dimensional Coulomb 
branch. This four-dimensional geometry, which we call periodic Taub-NUT space, can 
be described rather explicitly by summing up a series of quantum corrections around the 
semiflat geometry [55, 56, 1]. These corrections smooth out the singularity of the semiflat 
geometry. 

When generalizing this discussion to the 2d-4d case we can have Z^(u) — )• or 
Zj..{u) —7- for some u ^ uq. Generically we do not expect these to happen at the 
same point uq, so there are two cases to consider: 

1. A 2d particle of 4d charge 7 becomes massless, i.e. again Z^{u) — t- as n — t- uq, but 
now with uj{-y,-;uQ)^0. Nevertheless, the 2d solitons measured by /i(7ij; ^^o) remain 
heavy and can be ignored in a sufficiently small neighborhood of uq. In general there 
can be several particles of different charges 7 becoming massless, but we will make 
the key simplifying assumption that they are all collinear. The case where mutually 
nonlocal particles become massless is significantly more difficult. 

2. A 2d soliton of 4d charge jij becomes massless, i.e. Z^^.{u) — )• for m — )• wq, with 
ni'jijiuo) 7^ 0. Meanwhile all 2d particles with lo ^ and 4d particles with il. ^ 
remain massive and can be ignored. 

In the following sections we will analyze the local 2d-4d geometry in these two situ- 
ations, and we will see how the singularity of the semifiat connection becomes partially 
resolved. 

As we have said, we do not expect to have Z.y ^ and Z^.. — t- simultaneously 
for populated charges. Nevertheless, this can of course happen, and our equations (5.23) 
and (5.25) could be used to describe hyperholomorphic vector bundles, i.e. instantons, 
over the PTN geometry. The geometry of these instantons might constitute an interesting 
generalization of the results of Kronheimer and Nakajima. The end of §8.1.2 describes a 
useful local model of this situation. 

6.1 Massless 4d and 2d particles on a one-dimensional Coulomb branch 
6.1.1 Local system and BPS degeneracies 

We will describe the local system of (gauge) charges over a one-dimensional Coulomb 
branch 

i^X := {a|0 < |a| < |A|} (6.1) 

where A is a UV cutoff for the effective 4d IR free theory. We let -Da stand for the disk 
with a = restored. We can trivialize the local system after pulling back to the universal 

^"it is also known as the Ooguri-Vafa geometry in the math hterature. We will use the abbreviation 
"PTN space." 
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cover: 

CA:={z|Re(z) <log|A|}, (6.2) 

and we will use the projection p{z) = = a, so we may think of z ~ log a as a branch of 
the logarithm. Our local system will be 

r := (Ca X (Z7eeZ7„,))/Z (6.3) 

where the generator 1 G Z acts by taking 

T ■ {z; qje + Plm) ■■= {z + 27ri; {q - Ap)-fe + P7m) (6.4) 

where q,p are integers, and A is an integer characterizing the monodromy of the local 
system. The symplectic structure is given by 

(7e>7m) = l- (6.5) 

The central charge function Z G Hom(r, C) is defined by 

Z(7e;z) = e^ = a, (6.6) 

Z{'ym;z) = Toa + Aad, (6.7) 
where tq is a constant with positive imaginary part and 

ad := ^/{z - (log A + 1)) = ^(«log j - a), (6.8) 

and finally we extend Z by linearity. To extend Z to the torsor Fj we take the low energy 
effective superpotential as 

W = Sad + W'^'^'^'y*'" (6.9) 

where vy^.i^s-iyti^ = wq + wia + W2a'^ + • • • is some analytic superpotential. The Wi are 
complex numbers. The constant wq does not affect the geometry, so we will take wq = 0. 
The period matrix is 

/ ^ A , a 

r(a) = To + — log - 

^ (6.10) 

where the second equation is only valid if A 7^ 0, in which case we have A4 = Ae~^'^'^"/^. 
In this case we can also write 

^(7m) = ^(alog-^-a). (6.11) 

If A = then we cannot absorb tq into A. In the remainder of §6.1 we will assume that 
A 7^ 0, and thus, without loss of generality, we can assume A = A4. In §6.2 we will consider 
the special case where A = 0. Similarly, if we take A = A4 and 5^0 then we can write 

W= Ulog-J^-a) +u;2a^ + --- (6.12) 

ZTTl V A2 / 
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where 

6 ^ A4 , , 

«.i = -log- (6.13) 

so we can interpret wi in terms of A2. 

We will assume that the light BPS degeneracies are of the form 

Q{q-fe+P7m;z) = dpfi^g, (6.14) 

^^ille + P7m] 70; z) = 5pfiUJg. (6.15) 

Here q,p & Z and and ujg are z-independent and satisfy the parity properties: 

Q-q = UJ-q = —UJq (6.16) 

Self-consistency of the above spectrum with the central charge and superpotential 
require that 

1. The integer A is 

A=^Y.^'^}q = Y,q'^„ (6.17) 

because integrating out light charge q hypermultiplets with BPS degeneracy fig in a 
theory which originally has prepotential tqc results in the effective central charge Z 
given above. 

2. Similarly, as we discussed in equation (3.68) above, integrating out light 2d chiral 
multiplets results in a twisted chiral superpotential as above, with 

S =^^qujq = ^qujq. (6.18) 

q>0 



3. As we have emphasized, the description of the system depends on a choice of su- 
perpotential. These are the elements denoted 7^ in §3. If we change ji — )• 7^' = 
li + (gi7e + Pi 7m), then 

OJq ^ UJq + PiqQq (6.19) 

and ^ yyanaiytic + ^^^^ or equivalents A2 ^ Ase-^'^^'?!/^. 

6.1.2 Reviev^ of the PTN geometry 

The dual of the local system over the cover Ca is 

Ma := Ca x ((R/2^Z)7* © {R/2TTZ)-f*J (6.20) 
We would like to define Ai^^ = A/a/Z where the generator of Z acts by 

T • (z; 0ej: + 9m7*m) = {z + 2vri; Oe^: + {Om + ^Oeh*J. (6.21) 
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This gives the Pontryagin dual local system T* 0M/{2tt7j) to F. However, there is a subtle 
complication (related to self-duality) which forces us to consider instead a local system 
= A/a/Z where the generator of Z instead acts as 

f • (z; 0e7: + 0ml*J = {z + 27ri; ^eTe* + {0m + AO^ + ^A)7;;). (6.22) 

The extra shift in O'jji will affect the signs of various c[uantities under the monodromy trans- 
formation. Of course these two actions are related by 9^ ^ 6^ + it A so the resulting spaces 
are isomorphic, but the quantum corrections are a bit more natural in the coordinates 
appropriate to the T quotient. 
The semiflat metric is: 

g'^ = RlmT\da\^ + |d0„ - rd^eP (6.23) 

This is invariant under T and descends to a metric on . It is positive definite for a € Z?^ 
provided A > 0. 

Now recall the Gibbons-Hawking ansatz for a hyperkahler four-dimensional metric on 
a principal circle bundle over a region of M^: 

u-^ + ^^'') + ^^^^ (6-^^) 

where 

d^sh = (g_25) 

where -k is computed using the metric dx^ = (dx*)^ and orientation dx^dx^dx^. Here 
is a 1-form on the total space of the circle bundle, normalized so that 

The semiflat metric g^^ can be put into the form (6.24) with 

(xi -hix2,X3) = ^a, , X = 0m, (6.26) 

and 

W^ = R\uiT, ^s^'^f = -i?Rerdx^ FS^''^^ = -— — .dc/^d^e, (6.27) 

(2vr)^ 

where a = |a|e"^. 

Note that since 9e is invariant under the monodromy operator T we have a projection 
—7- Z?^ X defining a principal U{1) bundle. The base space contracts to and the 
first Chern class is —A. 

The semiflat metric is hyperkahler, and we define twistor coordinates 



Xf = exp 



■kR .„ 



■^m = exp 



ttR 



^ Z{"frn]z) +\em + TTRCZ{^m]z) 



(6.28) 
(6.29) 
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with the untwisted group law X^^X^^ = X^^_^y. (Had we worked on ^A instead of A4 
we would have used a twisted group law.) The coordinate is only a function on the 
covering space A/a and under T we have: 

f*Xi = i-l)^X,^X:^. (6.30) 

The quantum corrected metric is again of the form (6.24) but now with 

oo 

U = U^ q^Q^qUq, (6.31) 

9=1 



where 



n- 



The regularization k„^4 is chosen so that in the instanton expansion the semiflat term is 
U^^ given above with A4. There is a corresponding gauge potential such that dA^ = -kdU^. 
Formulae for it, in one gauge, are in [1], eqs. (4.8)-(4.10). 

For any integer n we define the points := (a = 0, = ^-nn/q) G D/^ x 5^, together 
with the sets: 

Sq ■■= {Sn,q\n G Z}. (6.33) 

Then is nonsingular away from Sq = Uq-Uq^oSq- The metric (6.24) with (6.31) defines a 
metric on a principal U{1) bundle over D\ xS^—Sq. We will not be extremely careful about 
specifying the different patches and trivializations of this U{1) bundle and will generally 
denote the globally well-defined connection one-form on the total space of the bundle by 
e^ = '^ + A^. The total space with its hyperkahler metric will be denoted in what 

follows and the projection is denoted 

TTn : Min) ^ Da X - Sn (6.34) 

If we restrict this principal bundle to a small sphere linking the point Sn,q, where (n, q) are 
relatively prime and < n < q — 1, then the function U behaves like 

U ~ — ^ (6.35) 
47r|x| 

and hence the first Chern class on the linking sphere is just ci = —Nq. Here Nq is given by 

oo 

Nq = Y,\jQ\^jq- (6.36) 

i=i 

Note that A'^g > is required for a good metric. 

If we attempt to extend (6.34) over the points Sq then the fiber in the fibration 
collapses. We can complete A^(r2) to A4{Cl) by adding corresponding points pn,q G 7W(0). 



^In particular, massless vectormultiplets lead to singularities at finite a. 
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then there is such a singularity at all the points Sn.q for n = 0,1, . . . ,q — 1. 
Over the subspace 

Dl X C Da X - Sn (6.37) 



The metric near the point pn,q is locally a C^/Zat, singularity. Note that if A'^, is nonzero 

i.q 



we can identify the U{1) bundles and hence compare the metrics of the PTN and semiflat 
spaces. If we cut out a small tube around a = then the principal bundle of the quantum 
corrected space has Chern class given by the sum over the Chern classes for the points Snn, 
and this sum is just 

Ci|dXx51 = ^{-^q) = 
n,q 

where the sum is over n, q such that q> 0, (n, q) = 1, and < n < g — 1. Since the bundles 
are isomorphic we can choose a "common fiber coordinate x = ^m" for both the semiflat 
bundle and the full PTN space. When this is done the PTN metric and the semiflat metric 
g^^ are exponentially close for ii — )• oo as can be seen by rewriting U as U^^ plus a series of 
instanton corrections. 

To describe the quantum-corrected twistor coordinates we should introduce the func- 
tions 



Fq{z,Oe,0 := exp 
defined for any g G Z. Recall that 



iog[i - Xeic n 



4vri Je,^^ C C'-C 



(6.38) 



{z,C):^<0}. (6.39) 



The functions Fq live on the cover A/a (and also on the universal cover of the punctured 
twistor sphere). There are in fact two possible definitions of Fq. We may define a piecewise 
analytic function away from the BPS rays. Suppose for fixed C that zq is a value at which 
the BPS ray contains C; then 

Fqizo + ie, de, C) = (1 - X^)Fq{zo " ie, ^e, C) (6.40) 

The resulting function is periodic in z but only piecewise holomorphic as a function of z, 
and in fact is not defined on the BPS rays. This is the definition generally adopted in this 
paper. However, for our present purposes it is more convenient to take (6.38) to be the 
definition of Fq only in the strip 

arg ( — TT < Imz < arg ( + n (6.41) 

for q > 0, and for g < we shift the strip down by vr. Then we analytically continue in z 
to define a function without discontinuities. This function satisfies 

Fq{z + 27ri, 9„ C) = (1 - X^r'Fqiz, 9„ (). (6.42) 

It is the latter functions, entire in z but only quasi-periodic, which we will use in our 
discussion of the local PTN geometry. 
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The formula of [1] for the quantum-corrected magnetic twistor coordinate is 

Xm = Xi n ^f"- (6.43) 

Now, under z — )• z + 2m we have,^^ according to (6.42) 

J\ Ff''{z + 2T:\) = {-l)^X^^ W Ff'iz) (6.44) 

Thus, the functions Xm are invariant under the deck transformation T, and descend to ^7(1)- 
equivariant functions for the fundamental representation on the principal U{1) fibration 
Min) -^DaxS^- Sn. 

6.1.3 The semiflat line bundle 

The semiflat connection is 



A'^ = i{r]dee + ade.m). (6.45) 



li t = T] + ar with 77, a real. 



Defining 



then 



and hence 



Im (tr) Im t 

r? = — a = - . 6.46 

im T im T 



Q-wiianalytic 

:= t^iiaiytic, (6.47) 

da 

t = ^T{a) + t'^'^'^'y*''^ (6.48) 



T* {r]) = r]-Aa + 6, T* (a) = a. (6.49) 

A^^ is globally defined on A/a but does not descend to ^A^^. Also note that the curvature 
of the semiflat connection comes entirely from yyanaiytic^ 

We should consider A^^ to define a connection on a principal C/(l) bundle over Ai^^ 
defined by 

P«f = (AAa X [/(i))/Z, (6.50) 

where the generator of Z acts by 

f ■ (z; Oell + eml*m-. e'^) = {z + 27ri; O^ll + [Om. + A^e + vrA)7;;; e*'^e^'^^^(-i)""), (6.5i) 
so that 0*^^ = i(d^ + rjdOf. + adOm) is well defined on the total space of P^^: 

f *0sf ^ 0sf (g_52) 



^^In deriving this the "extra sign" comes out more naturally in the form (—1)"*^ where nn := X]q>o Q^q- 
However no = A mod 2. 



-83- 



Here n^j = Ylq>o'^q defines a shift of the fiber coordinate ip, analog ous to the shift of 
in (6.22). Now we form the semiflat section: 

= exp ( - iV' + ttRCW^ , (6.53) 

so that (d + Q^^)X^ is type (1,0) in all complex structures. Note that Afyy has the equiv- 
ariance property 

f*{X^) = i-ir-X^X^, (6.54) 
so, like X^^, it is well-defined on Ma but does not descend to Ai^^. 

6.1.4 The quantum-corrected bundle V 

Since we are assuming ^{'^ij\a) = 0, it follows from (5.25) that there will be no quantum 
mixing of line bundles and the quantum corrected connection is on the semiflat line bundle 
V . Using the equation (5.23) we see that the holomorphic section is given by 

Xw = X^ n ^-j""' (6.55) 

which transforms under T as 

f*Xw = ^w- (6.56) 

It thus descends to a [/(l)-equivariant (under shifts if) ^ ip + ipo) function from (A/a x 
C/(l))/Z to C, and hence defines a section of the associated line bundle V — )• . 

There is a strong formal resemblance between the function Xyy and the magnetic 
twistor function Xrn we used to describe the PTN geometry. To bring it out, define 

■■= ujjq. (6.57) 

Then if we also set := —ip we can write: 

= (6.58) 

where X!^ is precisely the functions Xm computed with fi"^^ (and let us stress that it is 
independent of 6m, but does depend on 6'^ = —ip). Moreover 

;j.analytic ^ ^ yyanalytic ^ yriJCW^"^^^*''^ . (6.59) 

It follows from (6.57) that we should view Xy\; as an equivariant function on an effective 
PTN space M{u)) := A4{il,'^^). It is equivariant under translation in the circle coordinate of 
the fibration by tt^ analogous to (6.34). Of course, we are supposed to be defining sections 
of a line bundle over the space Since the sections Xy\! are independent of 6m we 

can say the following. We consider the diagram: 

M{uj) (6.60) 
M{n) DaxS^- [Sn U 5, 
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For the moment we excise all the singular points in the base, and for simplicity we use 
the same notation for the total space over this smaller base. Finally, we can consider the 
puUback 

TrUMiu)) ^ M{n) (6.61) 

which is a U{1) fibration over A^(0). The functions pull back to equivariant functions 
on the U{1) fibration (6.61). These are equivalent to sections of a line bundle over 

6.1.5 Deriving the connection 

Now we use the differential equations (4.61)-(4.64) in [1] to give an explicit construction of 
the hyperholomorphic connection. 

We first note that since eqs. (4.61)-(4.64) of [1] are supposed to be the Cauchy-Riemann 
equations we can read off a basis for T^'^'^'^A4{^) in complex structure 



da C dOe \C " V de.. 



(6.62) 



where denotes (6.31), and so forth. For later reference, in the semiflat limit 

iJImr, (6.63) 



^ log 
Ait 



A ' 



-^Re filog ^) d0e = - —Re (r)d0e + 0(e^^l"h. (6.64) 
47r^ V A/ 2ir 

Now let @ denote the full quantum-corrected connection. We aim to extract from the 

equations 

{V^'\{d + e)Xw) =0, A = 1,2. (6.65) 

First consider the case where yy analytic _ q ^^^^ ^g^j^ corresponding connection G'*. In 
the case yy^^'^^y^^'^ = o we have A'yy = and hence we can use the differential equations 
(4.61)-(4.64) of [1] and then subtract the terms corresponding to {V^'^ , dX-y\;) to get four 
equations for the components of G. We find a somewhat elegant result: 

Ok. = i^, (6.66) 

where i = 9e, a, a. Here means the function (6.31) computed with (6.57), and A^ is the 
corresponding one-form. It is nice to check that the semiflat limit works out perfectly and 
that there is then a series of instanton corrections to this limit. 

Now when yyanalytic 

is nonzero we can write 
= (v7,^vv'(d + e)A'w) (6.68) 
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Let us write the total connection as 




(6.70) 



Then from (6.68) we derive 



e: 



analytic 



• -^(Im ^) analyt: 



AC 



(6.71) 



I analytic 



•(^analytic ^ ^j^^ 



analytic 



) + 27ri 



i?(Im r)a'"°^^y*- 



;ic 




(6.72) 



analytic 



= 27ri 



i?(Im T)a^'''''y*- 
^7n 



;ic 




(6.73) 



where i = a,a, and we have defined ^analytic ._ ^analytic _|_ ^^Q,'jQ,anaiytic^ Again, the semiflat 
hmits reproduce the contribution of yy^naiytic ^j^g semiflat connection. 

6.1.6 Analyzing the singularities 

We consider the extension of the pullback diagram (6.60) over the singular sets S^j and 5^. 
There are three different cases to consider with a different story for each case. Denote the 
integer in equation (6.36) computed for of (6.57) by N^^. 

1. Sn,q G Sfi — Suj Ci Sq: Above these points the metric is singular but the line bundle 
is not. It pulls back to a locally trivial line bundle over the neig hborhood C^/Zn,. 
The ZjVq-action on the line over the origin is trivial. 

2. Sn,q G — Suj Ci Sq: Here the line bundle is singular but the metric is not. The fiber 
above a point Sn^g has ci = —N^^. Above the point Sn,q (in the metric fibration tth) 
there is a whole fiber in The line bundle is singular all along that ring. Thus, 
in this case, the singularity is only reduced from codimension two to codimension 
three. 

3. Sn,q & ScoH Sq. Here we consider the pullback of C^/Z^ycfi — )• to a U{1) fibration 
over C^/Zat^ via ttq : C^/Zat^ — >■ D^. This is easily determined by the following simple 
remark. Consider the quotient Hopf fibration vttvi : S^/Z^r^ — )• S'^. This is a principal 
U{1) bundle over with first Chern class A^i (measured relative to a unit volume 
form generating H'^{S^;Z)). On the other hand, vr^^ : H^{S^;Z) H^{S^ /Zn,;Z) 
is a homomorphism Z — )■ Z^r-^ and this homomorphism is simply reduction modulo 
A^i. Now therefore we can consider the principal U{1) fibration over 5''^/Zjv2 given by 
7r'^^{S^ /IjNj^). This principal U{1) bundle over S^/Zn^ has Chern class A''! mod A^2- 
Now, there are tautological line bundles TZp — ?• C^/Z^r labeled by p in the Pontryagin 
dual Zjy. They restrict to the linking S^/Zn to be the associated bundle to the U{1) 
principal bundle with ci = p. Thus in our pullback diagram (6.60), if we restrict to 
the neighborhood of a singular point Sn,q £ SfinS^^ we get the tautological line bundle 
over C^/Zat^ given by A^^^ mod Ng. Note this is invariant under the transformations 
LOg ^ Ug + q^g, as it must be. 
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The connections we have derived are only singular on codimension three or codimension 
four singularities, as opposed to the semiflat connections, where the line bundle is not 
defined on a codimension two singularity. In this sense, the quantum corrections have 
smoothed out the geometry. 

6.1.7 Mirror manifolds and mirror branes 

We can illustrate the remarks we made above about mirror branes in the present example. 
The PTN space is a torus fibration vr : — ?■ -Da with a singular fiber over a = 0. 
The fiber can be viewed as a necklace of intersecting "spheres." More precisely, the circle 
fibers with coordinate 6m collapse at the points Sn,q G Sq. These fibers together with the 
intervals on the 0^ circle constitute a sphere with Z^v, orbifold singularities at the north 
and south poles. 

The section i> = {a'jm + Vie) mod F is a section of the dual fibration, which should be 
interpreted as the mirror manifold. Indeed, the T-dual of the semiflat metric R g^^ is the 
metric 

R(ff = Im r|da|2 + — i |d^e - rd^^^j^ (6.74) 

47r^lm r 

(where 6i is T-dual to 6i) and hence isomorphic to the original metric Rg^^ , with 9f> = 9^ 
and 9m = 9e- Hence the mirror manifold to A4(0) should be diffeomorphic to itself. 
Note that it is the 9e circle which shrinks at the singular points Sn,q defined by 9m = 2im/q 
with ilg 7^ 0. 

The section v = {a'jm + 777e)modr has coordinates 6e = rj and 9m = ol. On the other 
hand, it follows from (6.48) that 

77 = Re {w^) - Im («;i)5:^44 + ^(r^)' (6-75) 

Im r(a) log a 

« = x + ? — r\ + ^i — 6-76 

A Im r(a) logo 

(recall that wi is the linear term in yyanaiytic^ Hence their reductions modulo 1 have good 
limits at a — )• 0. In particular, note that a — )• ^. 

The section D defines a Lagrangian cycle which is the support of an A-brane. Sometimes 
this section goes through the singular points Sn,q- The A-brane should be mirror to the 
brane described by the line bundle with hyperholomorphic connection over j\4 we have 
constructed above. However, as we have seen, the latter brane depends on the details of 
rig and ojq whereas the support of the A-brane is only sensitive to the data wi,5,A. It 
must be that there is further data needed to specify this A-brane (in particular its flat 
connection and possible binding to fractional branes). There is undoubtedly an interesting 
story here, related to [57], but it lies beyond the scope of this paper. 

6.2 A massless 2d particle vi^ith 4d gauge charges only 

Our second example is slightly artificial, but illustrates nicely an important physical point. 
We return to the analysis of §6.1 but with A = 0, so that r = tq is constant. In particular, 
we will assume that at some point uq of B where is a charge 7 G F with Z^{uq) = and 



-87- 



a;(7, •; uq) / 0) but ^2(7; uq) = 0. We will also assume that fi{'yij;uo) = so the vacua don't 
mix and we can take the case of a single vacuum. Note that a;(7, 7^; uq) is independent of 
which 7j we choose in Fj. 

We will take the simple effective superpotential 

The singularity of W at a = implies a singularity for t = 9aW and hence for A^^ there. 
Note that 

2 

(6.78) 



A2 



Now, we would like to study the IR Lagrangian obtained after compactifying the whole 
system on S^. The most straightforward way to proceed is to compactify the theory 
including the 2d chiral multiplet. The KK mode expansion of the 2d chiral multiplet then 
gives an infinite set of Id fields, each charged under the 3d gauge field. The n-th KK mode 



has mass m„ = y\qa\^ + (n + where 9e = O^y^ is the Wilson line of the U{1) 

gauge field around S^. Thus the compactified version of (3.67) gives 

(j>0 n=— 00 " 

The integral on k is elementary, but the sum requires regularization. The regularized 
answer can be written 



00 

(ImTo)aw = -^— 

q>0 n= — oo 




(6.80) 



qa\'^ + {n + ql^fjB? 



where k„^2 are some regularization constants, independent of a,9e, chosen so that the 
sum converges and the leading term in the large R expansion reproduces a. Note that 
aid = —(/'^/{Rlia To), where is the function of equation (6.31) computed with 
nf = q-^u;,. 

The semiflat geometry is uncorrected, so we will be discussing connections on a line 
bundle over x T'^. The hyper holomorphic connection O has a component along 0^ 
determined by equation (5.1) 

iae„0 = -iaid- (6.81) 
In fact, this together with the condition that A is hyperholomorphic is almost enough to 
determine A completely. Hyper holomorphicity in the case of a 4-dimensional M just means 
that dA is an anti-self-dual 2-form on A^. Writing 

e = G[31 - iaid {dOm - (Re ro)d^e) (6.82) 



We choose an orientation A A A e** where +ie^ — \/Rlm roda and + ie* — , ' (dOrr 

27rV-Rlni TO 

rodOe). 
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where A'^^ is a U{1) connection over the x parameterized by (a, a, 9^), this amounts 
to 

del^] = (27riViiIm tq) ★s dai^. (6.83) 

Here *3 denotes the 3-dimensional Hodge star with respect to the metric (e^)^ + (e^)^ + (e'^)^ 
with orientation e^e^e^. In particular the existence of an G'^I obeying (6.83) requires 
that aid is a harmonic function on M2 X S^, which is indeed the case. The general ©['^1 
obeying this equation was again written down in §4.1 of [1] (more precisely we have Q^^^ = 
_2^^there t^Ih^q^l 00 has support at one value of q and value 1 there.) 

So we have determined the form of the hyperholomorphic connection 0. The important 
new point here is that it agrees with our general expression (6.66) with the replacement 

— )• iilm Tq. Therefore, in the general expression (6.66) we should view the instanton 
series for the numerator as due to instantons from worldlines of 2d BPS particles and 
the instanton expansion of the denominator as due to instantons from worldlines of 4d 
BPS particles. We can therefore interpret the result (6.66) as a combined 2d-4d instanton 
expansion. 

The rest of the discussion of the topology of the quantum corrected line bundle proceeds 
as in the previous section, with the replacement of jV4(r2) by Z)^ x T^. 

6.3 A massless 2d soliton 

Now let us turn to the other type of singularity, where Z.y..{u) — t- for some 2d soliton 
with /i7ij (ito) 7^ but all occupied 4d charges have nonvanishing at uq. 

There is a neat toy model for this situation: take a free U{1) gauge theory in 4 
dimensions and a surface defect supporting a single twisted chiral field X, coupled together 
by a twisted superpotential W = — aX, where a is the twisted chiral multiplet 

coming from the 4d theory. (So this is essentially a 2d Landau-Ginzburg model whose 
superpotential depends on the Coulomb branch modulus of the 4d theory.) 

The 2d system has two vacua labeled by i S {+,—}. These two vacua correspond to 
the two points X = ±y^a/A2d, with 

W± = T—r7^a^^^ t± = daW± = Ti^) ■ (6.84) 

3A2^ V^2d/ 
1/2 

(For simplicity we will take positive and Ag^ positive.) There is a single BPS soliton 
interpolating between the two vacua, carrying charge 74.„, and a soliton interpolating the 
other way, with charge J^^- We adopt the sign conventions for the Ai theories in §7.2, so 
/^(7+_) = A*(7^?.+) = 1 while <T{'y^_,J^_^_) = —1, in accord with (5.38). There is an obvious 
singularity of i± at a = where the soliton becomes massless, which implies a singularity 
of A"^. 

In the exact compactified theory, ^4*^^ should be corrected to some smooth self-dual 
connection A on a rank 2 bundle V over M =R'^ xT^. Unlike the previous example, we 
will not compute this A directly: fortunately we will be able to determine it more indirectly. 
We first describe A in a bit more detail and then check that it indeed matches what comes 
from our construction. 
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As in the previous example, the 4d theory is just the free U{1) theory, so the metric 
on Ai is given by (6.23). Note that the physics of the compactified system is independent 
of the electric and magnetic Wilson lines around S^, as all of the UV fields are uncharged. 
Hence the exact corrected A is invariant under translations on the factor of A4. (Strictly 
speaking, the notion of "translation invariant" only makes sense once we fix a trivialization 
of V; here we are working with the trivialization determined by the superpotentials VV±.) 
Dividing such an A up into components as 

A .[21 , de„^-fd9e _ d6'„ - rd6'e 
27r(lm T) 27r(im rj 

(where A^^l denotes a connection along the factor and ipa is the Hermitian adjoint of 
(Pa) the self-dual Yang-Mills equations for A become 

d-a^a + [Af,V^a]=0, (6.86) 
F^''^+R^[ipa,^-a\=0, (6.87) 

i.e. the Hitchin equations for the pair {A^'^\ ^ada) on M? = C. In the semiflat approxima- 
tion (5.4), A'^I = and fa is diagonal, with eigenvalues ibvrt with irt = ndaW = ~'^i7^)^^'^ ■ 
This approximation is good at sufficiently large a, up to corrections of order e~^'^^l"l. In 
particular, using Liouville's theorem these asymptotics imply 

Tr(/?2 ^vr^a/Azd. (6.88) 

There is a unique smooth solution (A^^J , y?) of the Hitchin equations on C obeying (6.88). It 
is radially symmetric on C, and determined by a solution of Painleve III — see for example 
[58], §8.1. Fortunately, we will not need the explicit form of (A^'^^ip). Rather, we will use 
an indirect characterization, essentially the tt* technology of [58, 32] (see also §9.4.1 of [2].) 

Let us briefly review how that technology works in this case. We consider the flat 
connections 

V{C) = RC'^f + A^"^^ + RCip. (6.89) 

This family of connections can be completed to a single connection over the C x CP^ 
parameterized by (a, ("). This connection has irregular singularities at = and = oo, 
exhibiting Stokes phenomena. The formal asymptotics of solutions as ^ — )• are 



y± ~ exp 



T[R^_ 3/2 

C 3A^/' 



e± (6.90) 



where e± denote some ^-independent sections. There are two anti-Stokes rays emerging 
from either ^ = or (" = oo, located where the exponent becomes real. In the basis 
(3^+ , y- ) the corresponding Stokes factors are known to be simply 

(6.91) 
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See Appendix B for more details. Moreover, these formal asymptotics and Stokes data are 
enough to determine the full connection, hence the solution (^t^', ip) of Hitchin's equations, 
and hence finally the hyper holomorphic connection A. 

Now let us see how this description is reproduced by our construction. In our present 
setup, where uj{-, •) = 0, (5.22), (5.23) just say 

y^i=9±y;i, (6.92) 

while n{'y^_) = 1, /^f(7'^+) = 1, with all other /i(-) = 0, so (5.25) says 

9^i0 =9i + ^J] |^^^/4C')3^;^o^(C'), (6.93) 



.-(C) = .1' + ^ f'^^9.iC')yl_ia (6.94) 



(recall that y% is defined in (5.13), (5.15) but 3^ o is defined by (5.24)). In particular, V o 



are independent of base coordinates Oe-, Om on T^, i.e. they are invariant under translations 
along T^. We may thus consider them as sections of a bundle over the base C As just 
explained, the translation invariance implies this bundle supports a solution {A^'^\(p) of 
the Hitchin equations. The Cauchy-Riemann equations for holomorphic sections of V^'^\ 
when restricted to translation invariant sections, reduce to flatness under V(C). So y^o_ are 
V(C)-flat. (6.92)-(6.94) show that y^o_ have the asymptotics (6.90). Finally, we can read 
off the Stokes factors from the discontinuities of y^o_ across the two rays and £^o ^ . 
These discontinuities are determined by (6.93) and (6.94). The net result is the following: 

1. Across the wall a^/"^ /C, G M_ we have 

y+{+) = y+(-) + a(7_+, 7+)3^_ 

where 3^7(±) refers to the side of the wall with Im(iba'^/^/C) > 0. 

2. Across the wall a^/"^ /C, G we have 

J'-(+)=J'-(-) + <t(7+-,7-)3'+ 
where 3^7(±) refers to the side of the wall with Im(=pa^/^/C) > 0. 



Using (5.39) we know that (t(7_| , 7_)cr(7 |-, 7+) = —1. With an appropriate choice of 

£7 subject to this constraint, (6.95), (6.96) correspond to the desired Stokes factors (6.91). 
This is enough to show that our construction produces the A we described above. 

In particular, our construction has produced a smooth hyperholomorphic connection: 
this is an example of the advertised resolution of singularities induced by 2d BPS states. 
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7. Example: A type theories and Hitchin systems 

One important example of our construction is its application to the "canonical surface 
defects" in theories of class S. 

Recall that theories of class S are obtained from an ADE group and a curve C (with 
punctures) as described in [43, 2, 44]. For simplicity, throughout this section we will restrict 
our attention to the case where the ADE group is of type A^-i. Then there are canonical 
surface defects Sz corresponding to points z £ C [59, 44]. (If we think of the theory 
as obtained from a decoupling limit of M5-branes, then can be constructed from an 
M2-brane ending on the M5-branes at the point z.) In this class of theories and surface 
defects, we can describe the 2d-4d wall-crossing data of §§2.3 and 3 explicitly in terms of 
the geometry of C and its spectral cover. 

We will need a bit of care in defining the canonical surface defect, due to some subtleties 
about locality of surface defects in the 6d theory. It is not difficult to argue (looking for 
example at a KK reduction of the theory to 5d Yang-Mills or to the Abelian theory on 
the Coulomb branch of the 6d theory) that the basic surface defects in 6d have a potential 
mutual locality problem. If we keep a surface defect fixed, look at the which surrounds 
it, nucleate a second surface defect near the north pole of the sphere, and annihilate it 
near the south (in analogy with what is done in 4d with Wilson and 'tHooft operators) the 
partition function gains a factor of e^"^^/"^, 34 fj^j^^g factor plays an important role when one 
looks at mutual locality of line defects in 4d corresponding to paths on C. There is a second 
application, though, to mutual locality between surface defects sitting at a point in C and 
point operators in 4d engineered by wrapping surface defects on C: the point operator has 
g^Ti/"- monodromy around the surface defect. The local operator which descends from a 
surface defect wrapping C was identified in [60] with a specific chiral operator which receives 
vevs on the Higgs branch. Hence in order to include the canonical surface defect in the 
4d theory, strictly speaking one needs to gauge the Z.„ flavor symmetry corresponding to the 
monodromy of these specific chiral operators around the canonical surface defect. At least 
in the Ai case with regular singularities we will, in §7.4, identify the Z2 flavor symmetry 
in the four dimensional Lagrangian description of the theories, and verify that the Fj fail 
to be F torsors in a way which is exactly controlled by the Z2 flavor monodromy, leading 
to the kind of anomaly cancellation discussed in §3.6.2. The generalization to higher rank 
should not be hard, though it might be hampered by the lack of a Lagrangian description. 

The fact that carries flavor monodromies nicely resolves some puzzles rased in [59] 
(in a way anticipated in [59] ) . Whenever C approaches a factorization limit and develops a 
long thin tube, a weakly coupled gauge group appears in the four dimensional field theory. 

^^One way to see this is to work on the Coulomb branch. Then the worldsheet of the nucleated surface 
defect has a topologically interesting term exp[27ri J-^{vi, B)] where B is a self-dual two-form valued in the 
Cartan subalgebra of A„-i. Here vi is a vector in the weight lattice of An-i- The other surface defect, 
which we locate at the center of R* surrounded by the linking sphere S"^ is a magnetic source of B of strength 
H = V2ijJi where uj^ is the unit normalized volume form on and V2 is in the weight lattice of An-i- Here 
we have identitified the Cartan subalgebra with its dual using a metric so that roots have length-squared 
two. Then the topologically interesting phase for the process described above is exp[27ri(i;i, U2)], and since 
both vi,V2 are in the weight lattice of A„-i this is an n*^ root of unity. 
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If the point z is in the tube region, then, as was observed in [59], the surface defect §2 
appears to be well described by a GW surface defect. However, a direct identification with 
a GW surface defect leads to two puzzles: First, the GW surface defect alone does not break 
any flavor symmetry, but the canonical surface defect often appears to break some flavor 
symmetry. The resolution of this puzzle is that the appropriate GW defect must carry 
some flavor monodromy and this monodromy does indeed break the flavor group down to 
the commutant in the flavor group of the gauged TLn subgroup. The second problem is that 
several class S descriptions of the same 4d theory might exist, and in general these will 
have sharply different canonical surface defects. How can they all correspond to a single 
GW surface defect? The resolution is that there are several GW defects, distinguished by 
having different flavor monodromies. 

7.1 Review of pure 4d data 

First we recall from [2] some purely 4d aspects of the story. Although the theory exists for 
any simply laced Lie algebra we will for simplicity focus on the case of ^n-i- Later we will 
specialize to n = 2. 

A point u of the Coulomb branch B corresponds to a set of meromorphic A;-differentials 
(^fc (/e = 2, 3, . . . , n) on C . The have poles only at the punctures of C, and part of the 
data defining the theory is a set of linear conditions on the singular parts of the at the 
punctures; roughly these conditions identify the residues of the 4>\, with various combina- 
tions of the mass parameters of the theory. B is the space of all tuples ((/)2, (ps, . . . , 4>n) of 
meromorphic differentials obeying these linear conditions. B is thus a finite-dimensional 
affine space modeled on ^2=2^^ (C , K^'^) ■ 

For every u £ B, there is a corresponding Seiberg-Witten curve, 



A is a cotangent vector, so that each term in the above equation is an n-differential on C. 
At a generic point of C the equation has n distinct solutions, so T,u C T*C is an n-fold 
covering of C. Locally the n solutions give n 1-forms Xi on C. These 1-forms pull back to 
a single globally defined 1-form on which we also call A. 

The local system of lattices P begins with a certain subquotient of Hi{T,u','^) and then 
extends it so that F^ is self-dual. This extension depends on a choice of a set C of maximal 
mutually local line defects and determines a precise global structure of the gauge group. 
In the Ai case we begin with the sublattice Hi{Tiu; Z)~ odd under the deck transformation 
and then, depending on the choice of £, we extend it to a self-dual lattice. (For details see 
[3].) The central charge function Z-y is 



Finally we come to the most interesting part of the story: the ^^(7; u) are the 4d BPS 
degeneracies, described in [45, 2]. They count certain special networks on C, defined as 
follows: First, define a WKB curve of type ij and phase to be an oriented real curve on 



= {(t>n + (t>n-l\ + ■■■ + </'2A"-2 + A" = 0} C T*C. 



(7.1) 




(7.2) 
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C, along which e~ ((Aj — Xj),dt) is real and positive for some pair of vacua Here dt is 
a positively oriented tangent vector along the path. A WKB network of phase i9 is by 
definition a network of curves on C whose legs are WKB curves of phase "d. The network 
can have three-legged junctions where legs of types ij, jk, ki come together. A leg of type 
ij is also allowed to end on a branch point where Aj — Xj = 0, i.e. the i-th and j-th sheets 
of S merge. 

Following any leg of a WKB network in either direction, there are four possible out- 
comes: either we reach a junction, we reach a branch point, we return to where we started, 
or we spiral into one of the punctures of C. We call the network finite if this fourth possi- 
bility never occurs. This last condition makes finite WKB networks rather special, since a 
generic WKB curve spirals into punctures in both directions. See Figure 13. 
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Figure 13: A possible finite WKB network in the A3 theory. All legs are WKB ij-curves, with ij 
as indicated. Similarly the branch points (orange crosses) are ij-branch points as indicated. 

Each finite WKB network has a canonical lift to a union of closed curves on S, ob- 
tained by lifting a leg of type ij to a pair of curves on sheets i and j of S, with opposite 
orientations. The Q{'y;u) count finite WKB networks with phase = argZ-y, for which 
the homology class of the lift is 7.^^ Isolated finite WKB networks contribute +1 to Q. 
The contributions from networks with moduli are more complicated and have not been 
analyzed systematically, except in the case of the Ai theory (see below) . 

7.2 2d-4d data 

Now we describe the new data attached to the surface defect. Most of what we say could be 
guessed just by looking for the most obvious generalizations of the 4d data to incorporate 
the surface defect, consistent with the general structure we have described in the rest of 
this paper. A fuller justification of our claims here could be given using a string theory 
realization of the An-i theory. Alternatively, in the Ai case, our claims are justified by 
the WKB analysis which we sketch later in this section. 

^^In [2] WKB curves for the Ai case were defined to be unoriented. This is compatible with the present 
definition, because we only require orientation with respect to some pair of vacua i,j. 

^®This is actually equivalent to counting finite WKB networks with arbitrary phase — indeed, if a finite 
WKB network has phase i9 and lifts to a class 7, then i9 = 
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1. Vacua: The finite set V(S^) of vacua of the surface defect is just the set of preimages 
of z in call them i — 1, . . . , tt,. Often we will simply write i for the vacuum 
Xj. (This follows from the identification [17] between the twisted chiral ring of the 
2d theory on the surface defect and the Seiberg-Witten curve of the 4d theory.) 

2. Soliton charge torsors: The torsors Fjj are taken to be the F-torsor of (relative) 
homology classes of open paths from Xi to xj. (Thus, we choose one connected 
path from Xi to Xj and then consider all translates of the relative homology class in 
-ffi(Su, {xj, Xj}; Z) by P.) The central charge function Z^^. is then ^'^ 



3. 2d-4d BPS degeneracies u: The most naive guess for a;(7,7jj) would be 



This equation is indeed correct, but it needs some clarification: choosing different 
representatives for the class 7 would a priori give different values for the intersection 
number (7,7ij), since representatives of 'jij are open curves. Which representative 
should we use? 

First consider the special case where the only finite WKB networks in class 7 are 
isolated. In this case, the lift of each such network defines a canonical representative of 
the class 7. In particular this representative defines a definite class 7 in the homology 
group Hi{T,u — {xi, Xj};Z) (which pairs with Hi(T,u, {xi, Xj};Z)). Having made this 
definition, we can say that this lifted network contributes (7,7jj) to 07(7, 7tj). To get 
the full a;(7, 7jj) we sum over the networks contributing to ^^(7). 

If the networks contributing to ^^(7) are not isolated, then the job of computing 
u}{'y,jij) is more complicated. We do not give a general prescription here, but we do 
indicate what should be done in the first nontrivial example, the Ai theory. In this 
case the networks we have been discussing in fact just consist of single WKB curves 
— there are no nontrivial junctions. The new case we need to discuss is the case 
where the WKB curve is closed: in this case it is not isolated but rather lies in a 1- 
parameter family, sweeping out an annulus on C. In this case, we focus our attention 
on the two closed WKB curves which make up the inner and outer boundaries of the 
annulus: letting 7, 7' denote the lifts of these two boundaries, we define 



In the case where z is not in the annulus both terms contribute equally and this 
simplifies a;(7,7jj) = — 2(7,74^). This is our original naive formula (7.4), since in this 
case ^2(7) = —2. 

^^In Seiberg-Witten theory it is often said that the Seiberg-Witten differential is ambiguous by shifts 
A — ;> A + d f. This would affect the central charges here. In the theories of class 5 there is a distinguished 
Seiberg-Witten differential. This is the one which appears in the chiral ring, and is the one we should 
employ here. 




(7.3) 




(7.4) 




(7.5) 
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4. 2d-4d BPS degeneracies ^u: Finally, the n{'yij;u) count finite open WKB networks 
of type ij on C. An open WKB network is just like the WKB networks we defined 
above, except that it has one special leg which is of type ij and has one end at the 
point z. The lift of any finite open WKB network to S defines an element G Tij. 
When the moduli space of these networks is an isolated set of points, is a 
signed sum over these points. In general we do not have a prescription to fix the sign. 
In the Ai case we do know the answer: in this case there is at most a single finite 
open WKB network in each class, and it contributes /i(7ij) = +1. 

5. Twisting function a: We do not know the tricky ibl-valued twisting function a in 
general. In the Ai case we do know it: it is 



where the a appearing on the right side is the "canonical quadratic refinement" 
(J : r — )• Z2 which appeared in §7.7 of [2]. In particular recall that (7(7) = — 1 if 7 
supports a hypermultiplet and = +1 if 7 supports a vectormultiplet. The above sign 
prescription is justified in Appendix F. 

We will sometimes use the signs cr(7ij,7j) as well; these involve gauge choices which 
we do not discuss here. 

6. Supersymmetric interfaces: In order to extend the wall-crossing data to include 
interfaces we must describe a suitable class of such interfaces. Suppose we pick two 
points z and z' of C. We then have two surface defects S = and S' = S^/ Interfaces 
L between § and S' correspond to paths p in C from z to z' . One can justify this 
by considering Janus configurations in the field theory, where z is regarded as a 
parameter of the surface defect. Alternatively, one can take a geometric engineering 
viewpoint and construct the interface between and S^' by considering three open 
M2 branes. The first ends on the surface = = with x^ < at z £ C. The 
third ends on the surface x^ = x"^ = with > at z' G C, and the second ends 
at x^ = x'^ = x^ = in M}'^ times a path p on C from z to z' . In a discussion 
analogous to that of [3], §7.4, the partial twisting of the theory along C means that 
the defect only depends on the homotopy class of p (with fixed endpoints). The 
Hilbert space ^§^l^ ^s^, will be graded by a charge lattice Tij/, which will consist of a 
F torsor of homology classes of open paths from Xi (above z) to Xji (above z'). Once 
again we take 



o-(7,7') 
o-(7>7m) 




(7.6) 
(7.7) 
(7.8) 
(7.9) 




(7.10) 



^®One can also introduce supersymmetric interfaces corresponding to the "laminations" discussed in [3], 
but we will leave that for another occasion. 



7. Framed BPS States: These should be given by some analog of the millipede con- 
struction of §10.8 of [3], but we have not developed the details here. 

Let us give one simple example of how the above geometric prescription is compatible 
with the general wall-crossing formulae of §2.4. In discussing wall-crossing we can vary 
both u and z, the basepoint on C of the projection of the open curves on S. When 
we vary z we sometimes write Jij{z) to emphasize the basepoint. When we vary z, it 
can cross finite WKB networks, and this can change thus inducing wall-crossing 

in a;(7, 7jj). To illustrate this, consider a family of basepoints z following a path which 
crosses a finite WKB curve connecting two branch points of type (ij). This finite curve 
has lift 7 with homology class 7. By our rules ^l{'y) = 1 and (7(7) = — 1. Suppose that the 
finite WKB curve has phase t?* . When point on the image of 7, that is, when it 

is a point on the finite WKB network, there are two open finite WKB curves ^ij{z^) and 
7jj(2;*), such that 7jj(z*) -|- '^ji{z*) = 7. Now let z± be displaced above and below 7 as in 
Figure 14. By continuity, the curves ^ij{z±) and ^ji{z±) continue to support finite open 




Figure 14: z crossing a finite WKB curve with lift 7. When z ~ 2:+, the intersection (7, 7^ (2+)) = 
-1-1 (left). When z = z_, {j,jij{z^)) = —1 (right). This leads to a change of a;(7,7.y ) as we pass 
from z = z^ to z = z_; this change is consistent with the 2d-4d wall-crossing formula, as explained 
in the text. 

WKB curves with phase slightly displaced from 1}^. By our rules fJ-ijij) = Ai(7jj) = 1 and 
^ilijilji) — 1; where 7ij applies to any of the three values oi z = z±, z^,. At z = the three 
central charges ^■-jji{z,)i and are aligned, so as z passes through the finite WKB 

network the BPS rays of i^^.^l^^ir^.^ change order, exactly as in the wall-crossing formula 
(2.44). Plugging Sjj = = = S^-- = 1 into (2.45) we find that the wall-crossing 
formula demands that 

= n, 

n;. = n, (7.11) 
Hi = (1 - x^)nj 

and hence, if primed quantities refer to the z+ side of the wall, 

a;(7,7ij(z+)) = 1 

a;(7,7.,(^-)) = -l (7-12) 
(i^(m7,7jj(z±)) = m > 1. 

These intersection numbers can be verified directly in Figure 14. 

One important general lesson we learn from the above example is that the walls of 
marginal stability for the parameter z of Sz include the finite and separating WKB curves 
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with phase = where i?* is the phase of some 4d BPS state. The reason is that, if z lies 
on a finite or separating WKB curve of phase i?*, there is at least one finite open network 
with phase "i?* (indeed this network just consists of a single finite open WKB curve from z 
to a turning point). Thus we have at least two BPS states with the same phase (one 2d, 
one 4d), which means 2; is on a wall of marginal stability. We will sometimes refer to the 
finite and separating WKB curves at these special values 1?=,, as critical WKB curves. 

The details of what happens at the wall depend on whether z is crossing a finite or a 
separating WKB curve. We showed above how w can change as z crosses a finite WKB 
network, while fi is invariant. On the other hand, as we will see in §8, when z crosses a 
separating WKB curve fi can change, while u is invariant. This corresponds to the identity 
(2.36) of type Jl ^ • /C = /C • 11 5. 

7.3 3d compactification and Hitchin's equations 

Now, we consider the theory compactified on to 3 dimensions. 

The moduli space A4 of the theory on M^'^ x Sj^ is the moduli space of solutions of 
Hitchin's equations [2]. Recall [61] that these are equations for a connection j4 on a rank 
n complex vector bundle E ^ C and a "Higgs field" ip G 0^'*'(End E): 

Ba^p = 0, (7.13) 
Oa^ = 0. 

Here the gauge group is SU{n).^^ We impose the boundary conditions {A,{p) = {Aq, 999) + 
(regular) near the punctures Za of C, where {Aq,ipq) is a suitable singular solution near 
Za-'^^ These equations can be interpreted as the moment maps for a hyperkahler quotient 
construction of Ai as ^A = M///Q. Here M is the space of {A, if), not necessarily satisfying 
(7.13), but satisfying the boundary conditions. Q is the group of gauge transformations 
which preserve the singular solutions (^o, ^0) near each point Za- Thus, at each puncture Za 
there is generically a reduction of structure group from SU (n) to the stabilizer Ka C SU (n) 
of {Ao,ipo). 

The map A4 ^ B is the "Hitchin fibration," 

<Afc = Tr(^^ (7.14) 

Each solution {A,ip) £ M induces a family of fiat connections parameterized by C G C^, 

A = R^ + A + RC^. (7.15) 

Indeed Hitchin's equations can be interpreted as the statement that A is flat for all C- For 
any fixed C G C^, (7.15) gives an identification between Ai^ and a moduli space of fiat 
SL{n, C) connections over C, again with appropriate singularities at the punctures. 

^^More precisely M is a certain finite quotient of the moduli space of solutions with gauge group SU{n). 
The precise quotient we pick depends on some fine details of the 4d theory, like whether we take the gauge 
group to be simply connected or not; see §§6.3 and 7.3 of ref. [3] for some more discussion of this point. 

''"See §4.1 of [2] for more details about the singular solution. 
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The family of solutions {A, ip) can be packaged together into a "universal" solution to 
Hitchin's equations, living on a principal PSU{n) bundle lA over MxC. Restricted to any 
[{A, (p)] X C, U is the principal bundle on which {A, ip) is defined. Restricting instead to 
the locus M. X {z] d Ai x C gives a principal bundle Uz over A^, attached to the surface 
defect §2. 

A nice way to think about Uz is to consider the "pointed" gauge group Qz CI Q 
consisting of gauge transformations which are the identity at z. We can then split the 
hyperkahler quotient construction of M. into two steps: first take Mz '■= J^///Qz, and 
then A4 = Mz/// SU{n). The center Z„ C SU{n) acts trivially on A4, but the quotient 
PSU{n) = SU{n)/'Ln acts freely. Thus the zero locus of the hyperkahler moment map 
for the su(n)-action on is a principal P SU {n)-h\md\e, over Ai. This principal bundle 
is Uz- In particular, this way of building Uz makes it clear that it carries a canonical 
hyperholomorphic connection, using general properties of the hyperkahler quotient [37]. 

To define the "vector bundle" , we would like to take the bundle associated to Uz 
by the n-dimensional representation of SU{n). There is a difficulty here: Uz is a PSU{n) 
bundle, which does not have a canonical lift to an SU{n) bundle. (In fact, in similar 
situations it is known that it does not lift at all [62, 63, 64].) Therefore, V§^2 only exists as 
a twisted bundle over twisted by a -B-field of order n. This obstruction is consistent 
with the fact that the surface defect carries a Z„ flavor monodromy, and hence, as we 
discuss in Appendix G, should be twisted by a Z„-valued S-field. 

Because there is a reduction of structure group of E at Za to Ka C SU{n), the fiber 

(g\ 

of E must decompose into irreducible representations of Ka- We write Ea — (BsLa . In 
particular for n = 2 we have Ea — La ® L'^ for a complex line La- Now, the twisting of 
over M. is independent of z, and therefore Hom(V§^, , T^^) should exist as an honest 
vector bundle over M. Therefore, again restricting to n = 2, the lines L^^ should define 
twisted line bundles over M. with the same twisting as V§^ . 



1. The fact that Hom(V§^, V§^, ) is a true bundle and not a twisted bundle has an impor- 
tant physical interpretation. The physical interpretation of sections of this bundle is 
related to expectation values of supersymmetric interfaces. Indeed, suppose we have 
a supersymmetric interface Lp between surface defects and S^' . There will be cor- 
responding hyperholomorphic bundles V and V' over M. In close analogy with [3], 
equation (7.13), the expectation value of the supersymmetric interface {Lp) should 
be identified with the parallel transport operator of A along p from z to z' (or vice 
versa, depending on the orientation of p): 



Note that this equation only makes sense if we interpret 1/ — t- 7W x C as the universal 
bundle. Then both the left hand side and the right hand side of this equation can 
be understood as elements of the vector space Hom(T/4^2, V^^^')) (when p is oriented 
from z to z'), so it makes sense to equate them. 



Remarks 




(7.16) 
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2. The (twisted) line bundles La over M also admit hyperholomorphic connections. 
Indeed, we can take the limit z — >• in the construction of §5.6. Then Z^..(^z) ~ 
TTT-a log(-z — Za) + regular so that the semiflat coordinates y^^. will require renormaliza- 
tion. These divergences suppress the integral terms in (5.25) (physically, the soliton 
masses go to infinity), and hence there is no mixing between line bundles. The con- 
nection V on La obtained from the construction remains hyperholomorphic. We 
expect that the periods of '^^2^'^"* will be in ^Z, reflecting the twisting, but we have 
not checked this. 

3. The bundles La should admit interpretations in terms of physical surface defects. We 
leave this interesting question to the future. 

7.4 Lagrangian descriptions of Ai theories and their surface defects 

At this point we restrict attention from the general An-i theories to the Ai case. In this 
class of theories S — )• C is a 2:1 covering. These theories have nice Lagrangian descriptions 
and are amenable to the kind of WKB analysis we discuss in §7.5. We consider theories 
associated to genus g Riemann surfaces C, carrying i regular punctures. These theories 
have Lagrangian descriptions which are in one-to-one correspondence with pair-of-pants 
decompositions of C; each Lagrangian description involves 3g — 3 + i SU{2) gauge groups 
corresponding to the tubes, and 2g — 2 + ^ hypermultiplets in the (2,2,2) associated to 
the trinions [44]; call these hypermultiplets "hypertrinions." By taking careful decoupling 
limits of these theories, one can produce other Ai theories, including asymptotically free 
Lagrangian theories but also non-Lagrangian, Argyres-Douglas-like theories. These limiting 
theories correspond to Riemann surfaces C carrying irregular punctures. See [2] for a 
detailed discussion. 

Given the four-dimensional gauge theory description of the Ai theories we can define 
the surface defects Sz as Gukov-Witten defects, at least in certain weak-coupling regimes. 
An explicit example of this was discussed in §3.4.2. More generally, can be defined as a 
Gukov-Witten defect for any of the SU{2) factors of the gauge group. This description is 
valid when the SU (2) in question is weakly coupled; in that case one should think of C as 
developing a long tube, and the point of C labeling the surface defect as sitting somewhere 
on that tube. There is a natural coordinate t on the tube; the position of the surface 
defect in that coordinate system gives the (UV) Gukov-Witten parameter. As the surface 
defect moves around C from one long tube to another, 2d and 4d strong coupling effects 
mediate between different weakly coupled descriptions, as illustrated in the discussion of 
§3.4.2. In that discussion we noted that the 2d-4d instanton expansion breaks down due 
to light states when z hits a branch point. These light states are represented by the WKB 
curves from z to the nearby branch point. 

We can now fill in a gap left open in our discussions of the twistings associated with 
Ti and V§_ . To do so we need to investigate the flavor symmetries in this class of theories. 
Associated to each puncture Za of C is a flavor group SU{2)a, so the full flavor group is 
~ SU{2Y. The mass parameter of each factor SU{2)a is related to the residue nia of 
the Higgs fleld at Za- The flavor group J- does not act effectively on the hypertrinions 
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modulo gauge transformation. Indeed, identifying the center Z{J^) ~ Z|, any two of the 
Z2 generators are equivalent up to a gauge transformation.^^ Therefore, letting 2^ C be 
the index 2 subgroup consisting of products of even numbers of generators, the effective 
flavor group is ^ = J-/Z, which sits in a sequence 

l^Z2^T^ SO{3f ^1. (7.17) 

The distinguished Z2 subgroup is the center Z{^), and can be represented (in many ways) 
as acting by —1 on an odd number of hypertrinions. Now, the chiral operator in the 4d 
M = 2 theory which is not mutually local with respect to is formed by taking the 
product of all the hypertrinions and contracting gauge indices [60]. Clearly this operator 
is projected out by gauging the central subgroup Z{J^) and hence we conclude that if we 
want the troublesome (but desirable) surface defect Ez then we must gauge Z{^) and the 
flavor monodromy carried by §2 is the nontrivial element of this distinguished Z2 subgroup. 

Now, following the discussion in §3.6.1, if we gauge Z{J^), then there will be an exten- 
sion of the group of gauge charges as in (3.71), with T) ~ Z2. We claim that this sequence, 
with T> = Z{T\ can be identified with the sequence (3.82) given in Example 3.6.2, where 
z can be taken to be any of the Zq. Therefore, according to our discussion of that exam- 
ple, this UV flavor symmetry allows us to cancel the anomalies in Aharonov-Bohm phases 
arising from splitting the Fjj. 

It remains to compare the twisting of arising from the fractional shifts of Fjj, as 
described in §5.2.3, with that derived from the description in terms of hyperkahler quotients 
in §7.3. Consistency of our description of 2d-4d systems requires that they be the same, 
but we lack a direct proof. Two ways to approach the problem would be 



1. Consider the ii —)• 00 limit. Then the connection becomes diagonal, but a Z„ gerbe 
cannot depend on i?, so the identification should be established in the semiflat ge- 
ometry. It might be possible to combine the i? — )• 00 limit with the z ^ Za limit and 
thereby relate the Vi (in the z — )• limit) with the La- 

2. One could also relate the curvature F{La, V) to the i?-field associated with the flavor 
symmetry SU{2)a as in Appendix G. Note that there are three real mass parameters 
associated with SU{2)a- these are the complex residue ma of the Higgs field and the 
real flavor Wilson line parameter ma, 3. In complex structure C = 0> nT-a,3 is a Kahler 
parameter and nia a complex structure parameter, so coj is affine- linear in 3, while 
cj J + iujK are affine- linear and holomorphic in rua- In real coordinates, with a proper 
normalization of ma i , we have 



dma- 



6i,F{La,V). (7.18) 



*^To prove this, draw the trivalent graph representing the pants decomposition of C. The gauge trans- 
formation by the nontrivial element of the center of an 5*17(2) factor associated to an edge is equivalent to 
an action by —1 on the two hypertrinions associated with the two vertices of that edge. Now use the fact 
that the graph is connected. 
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On the other hand, according to Appendix G, q^' ^ is the -B-field associated with the 
flavor symmetry SU{2)a- With this hnk between the twisting of La and the flavor 
symmetries estabhshed one might be able to prove the desired identity of twistings. 

7.5 A brief reviev^ of the WKB analysis and its extension to 2d-4d 

According to our general discussion in §5.8, the parallel transport operators {Lp) of (7.16) 
admit an expansion (5.43) in terms of canonically defined sections 3^7-^., of Hom(l/, V). The 
coefficients of this expansion are the framed 2d-4d BPS degeneracies. The wall-crossing 
properties of these framed degeneracies contain the combinatorial data of the BPS degen- 
eracies /i and (jj. 

For Ai theories and their canonical surface defects, we can get our hands on the y^y--, 
very explicitly. The main tool is a slight amplification of the WKB analysis of [2], which 
we used in the pure 4d case to give a formula for the functions y^. Its extension similarly 
gives a formula for the sections y■^^■,■ It also gives the expansion (5.43) of the (L) (at 
y = — 1) in terms of framed 2d-4d BPS degeneracies (generalizing [3]). One can then verify 
directly that the wall-crossing of these framed degeneracies is indeed governed by the bulk 
2d-4d BPS degeneracies ^ and uj which we described above. In the rest of this section we 
will sketch how to construct the y^y^., , assuming a certain degree of familiarity with the 
properties of Ai Hitchin systems and with the results of [2]. We will leave a more detailed 
analysis, possible extension to other surface defects and to higher rank theories to a future 
publication. 

7.5.1 4d revievif 

The main player in our WKB analysis is the family of fiat connections ^ on C given in 
(7.15). We have specialized to Ai theories, so ^ is a fiat si(2, C)-valued connection on C, 
with singularities at various points of C, which we call "regular punctures" or "irregular 
punctures" depending on the nature of the singularities. We assume that there is at least 
one puncture. 

Given a point u £ B and a choice of phase ?? € R/27rZ, in [2] we defined the "WKB 
foliation" F-wKB(it) ??)■ This foliation in particular determines a decomposition of C into 
a finite collection of simply connected cells Cab- Here the indices a and b are labeling the 
possible asymptotic ends for generic WKB curves: these are either regular punctures or 
Stokes sectors around irregular punctures. Each cell Cab is a union of WKB curves of phase 
i9 which run from a to fe. (a = b is allowed, giving a "degenerate cell.") See Figure 25 in 
[2]. 

The WKB analysis of [2] relied strongly on the concept of a small flat section associated 
with a singularity Za on C. This will be important in the 2d-4d extension also, so let 
us review the definition. Given a branch A of the covering S — t- C, WKB curves have 
a standard orientation, determined by e^^^{X,dt) > where dt is a positively oriented 
tangent vector. Near a singularity Za, choose the branch so that the WKB curve with 
its standard orientation fiows into Za- There then exists a fiat section, (d + A)Sa{z) = 0, 
such that (z(t)) becomes exponentially small as t — oo and z{t) — Za- (Thus, also 
grows as z moves away from Za along a WKB curve.) Moreover, this condition determines 



- 102 - 



the section uniquely up to an overall scale. Such a small flat section will be variously 
denoted as s'^{z; u, (), (z), or just . Our main constructions involving do not require 
us to choose the scale. Now suppose that ( is in the half-plane centered on the ray 
C G e''^R+. Then, the WKB formula says that for the small flat section the expression 



4(z)exp(^/ A), (7.19) 




where the integral is along the curve with e~"'(A, dt) G M from Za{e) to z, has a finite limit 
as C — ^ in the half-plane H^. Here ^^(e) is infinitesimally close to the singular point Za- 
One of the main results of [2] was a direct construction of the "Darboux functions" y-y 
given the data of a WKB triangulation and its small flat sections. A somewhat stream- 
lined version of the construction can be summarized as follows. Given we construct 
antisymmetric inner products T^^ := (sf,s^) of the sections associated to a cell Cab- Here 
the inner product of two sections (s, s') is defined to be where vol is the SL{2, C) 
invariant "volume" form. We stress that it is ^-independent. The asymptotics of imply 



similar asymptotics for T^^, controlled by j^^^^-^ A. More precisely, let be the lifts of the 
singular points Za on E.^^ Then, for each ordered pair a, b there is a unique oriented lift 
Eab C S — {P^} of the unoriented edge eab C C which is odd under the deck transformation 
and satisfies 

T^V^^"^""^ ~ finite (7.20) 



as — )• in the half-plane H^. (Once again we need to use the e regularization.) Note that 
since Tf^, = -T^^ we have Eab = Eba- 

Now, let Hab be any matrix of integers such that the diagonal elements vanish and for 
every a, 

J^(raab + nba) = 0. (7.21) 



To such a matrix we associate 



a,b 



The condition (7.21) guarantees that each small flat section Sa enters the product as 
many times in the numerator and denominator and hence is independent of the normal- 
ization of Sa-^^ Thus Xn are well-defined on Ai. Moreover, by (7.20) they have ^ — )• 
asymptotics of the form 

Xn ~ A/; exp ( ^ / A I (7.23) 



where Afn has a well-defined limit for — )• and 7(n) = Yliab'^^abEab- The expression 7(71) 
defines, a priori, a class in the relative homology Hi(T;,{P^};'L)~ . However, thanks to 



*^The notation presupposes regular singularities, but the generalization to irregular singularities is clear. 

^^Combinations Y[ T"^*" have been considered many times in the literature — in particular the "Fock- 
Goncharov coordinates" [65] are of the form '^^'''^"^ where a, b, c, d are the four vertices of some quadrilateral 
in an ideal triangulation of C. 
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(7.21) that class is in the image of Hi{Y,; Z) . Moreover the map n — )• 7(n) is linear, onto, 
and has kernel consisting of antisymmetric matrices. Finally, will be defined by 

:=e{-f,n)Xn, (7.24) 

where n on the right side obeys 7 = 7(71), and 5(7, n) = ±1. Since the map n — t- 7(n) has 
a kernel, it is not immediately obvious that this "definition" is well defined. Fortunately, if 
kab = —kba is antisymmetric then = (— 1)^°<'' so (7.24) is indeed well defined 

provided we take 5(7, n+k) = (— l)^i<6'^''''e(7, k). To fix e completely, we need a little more 
input. In [2] we fixed it by determining it on a basis of F and then using the multiplicative 
law of the y.y. This is briefly reviewed in Appendix F. 

Finally, the Darboux functions are defined by specializing 3^^ := y^~^^^'^ . 

There is a well-known algorithm [66, 65, 67, 68], reviewed in our context in [2, 3], for 
decomposing the trace of the parallel transport around a loop p as a linear combination of 
the y^. Physically this gives the "Darboux expansion" (5.42) of the line defect vev {Lp) 
in terms of the "IR line defect vevs," as explained at length in [3]. 

As we have recalled in §§4 and 5.7, the functions y.y are supposed to have discontinuities 
when (u, C) meet any "BPS wall" W^, defined in (4.4), with the jump across W-f identified 
with a transformation IC^^^K This jump reflects the effect of 4d BPS particles of charge 
7. In the Ai theories, these discontinuities arise from jumps in the topology of the WKB 
foliation Fwkb(i*>'!? = argC) a-s we vary (n,C)- The topological content of this foliation is 
captured by the "decorated WKB triangulation" Ty/KBiuj'd)- The vertices of T^^KBiu,^) 
are the asymptotic ends a, decorated by the sections Sa- The edges of TwKB(ii)^?) are in 
1-1 correspondence with the cells Cab- The 4d spectrum of the Ai theory follows directly 
from the combinatorics of how Twkb('U,'!9) evolves as 'd is varied. 

More precisely, as ( varies, Ty/KBiu,!) = argQ may jump in three different ways, 
which we call the flip, juggle and pop: 

• A flip is a very simple change: we remove one edge E, leaving behind a quadrilateral 
Qe, and put back another edge along the other diagonal of Q^;. This jump of Twkb 
leads to a corresponding transformation of the 3^^: it is /C^^, where 7^ is the lift to 
S of a cycle running around the pair of turning points inside the quadrilateral. See 
§7.1 of [2] for further details. The occurrence of a flip is signaled by the presence of a 
flnite WKB curve (necessarily of phase = arg —Z^^) joining the two turning points 
in Qe', if such a finite WKB curve exists, then Twkb undergoes a flip of edge E, at 
the BPS ray Z.y^/(^ G ]R_. This flip corresponds to a BPS hypermultiplet of charge 
'jE, i.e. to ^{je) = 1- 

• A pop replaces the chosen small flat section Sa at some regular singularity a with the 
opposite monodromy eigenvector Sa- When Twkb undergoes a pop, the functions 3^^ 
are not changed, but for a rather subtle reason: the functions Tab change, but the 
recipe for building 3^^ from the Tab also changes, in just such a way that the y-y are 

''^To prove this we use the dual pairing of Eat with the cycles associated to the edges of the WKB 
triangulation Twkb{-&). See §7.1.1 of [2]. 
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Figure 15: The effect of a flip on Twkb- 



left invariant. (See §7.6.3 of [2].) A pop occurs at the BPS ray corresponding to a 
pure flavor central charge 7/, Z j K G M_. The triangulation TwRBfi^jC) foi' (""jC) 
near this BPS ray is always degenerate: it has only a single edge coming out of the 
vertex a. The pop is signaled by the appearance of a closed WKB curve surrounding 
the singularity Za- (The cycle 7a is an odd lift of this closed WKB curve.) In the 
language of the 4d theory, this closed WKB curve corresponds to a BPS state carrying 
only flavor charges. 

• A juggle is a subtler transformation: it does not relate two triangulations in the or- 
dinary sense, but rather two limits of triangulations, each obtained from an infinite 
sequence of flips of the common edges of two triangles which form an annulus on C. 
The effect of the juggle on the limiting coordinates is a /C-transformation IC~^, 
where 70 is an odd lift of a closed loop going around the annulus once. This trans- 
formation appears sandwiched between the two infinite sequences of transformations 
coming from the flips. The juggle happens at the BPS ray Z^g/(^ G M_. It is signaled 
by the appearance of a family of closed WKB curves running around the annulus, 
corresponding to a BPS vector multiplet of charge 79. 




Figure 16: A juggle arises as the limit of an infinite sequence of flips. 



7.5.2 Extension to 2d-4d 

Now let us construct the Darboux sections y^. ., for the 2d-4d case. These have been defined 
in §5 in a way analogous to the definition of the y^ in [1]. However, as in [2], for Ai theories 
there should also be a direct expression in terms of small flat sections, analogous to (7.24). 
Now we should have 3^^ , G Hom(V§^ , V§^, ) where one end of 7jj', Xj, lies above z and the 
other end, Xf, lies above z' . 

The 3^^, ., should be piecewise holomorphic in z,z',u,C, with wall-crossing discontinu- 
ities discussed above and moreover should satisfy reality constraints and, importantly, the 
asymptotic condition that 

(7.25) 

''^Unfortunately, we have reversed conventions here relative to §5.6, where we would have taken V-^^-, to 
be in Hom(Vs^, , Vs^ )• 



- 105 - 



has a finite limit as (" — t- in H^. Finally, these sections should satisfy 

y^.'^J.'k" = ^(7ij',7i'fc")3^7y/+7yfe" (7.26) 

for the twisting function defined in (7.6). 

In analogy to the we again take Uab to be a matrix of integers with zero on the 
diagonal. Then we define the analog of (7.22): 

KcA^,^') ■■=ll{T!,r-^st{z)(^sUz'). (7.27) 

a,b 

Here z lies in some cell Ca^^bo c is one of uq or bo, while z' lies in some cell Ca^.bfj ^ 
is one of Oq or 6q. Here and in several places below, we use the SL{2, C)-invariant volume 
form to identify V with V*. To be explicit, s^{z) ^ s^{z') G Hom(l^^, V§^,) is defined by 

st{z)^stiz'):v^{v,st)st{z') (7.28) 

and thus (7.27) indeed determines a section of Hom(V§, , V§^, ). It will be independent of 
the choice of normalization of the provided that nab satisfies the analog of (7.21), 

El —1 a = c, d, , , 

{nab + riba) = { (7.29) 
[0 otherwise. 

Now we need the analog of the map n — ?• 7(n) we found in the case when 7 is closed. As 
before this will be determined by C — ^ asymptotics. As we have explained, to a singularity 
Za we can associate a branch A, such that WKB curves with their standard orientation flow 
into Za- Given z € Ca^b^ let Xa^z € S be the lift of z to this branch. Then there is a lift of 
the WKB ciirv6 between Za s^nd z to an oriented path E^^xa z between a lift of Za and Xq^^^^,^ 
such that 

st{z)e^p l[ x] (7.30) 



c 



is finite as C — ^ in H^. It follows that 



<,,,(.,z')exp(-^ / a) (7.31) 

is finite for ^ — t- in H^, where we have defined^^ 

7ij/ (n, c, d) := -a* (^c,xc,. ) + riabEab + Ed,xj^y ■ (7.32) 

a,b 

As with the closed curves, we can now define 3^^ , by 

y^^^, :=e(7./,nX,,,(z,z') (7.33) 

where 7jj' = jij'{n,c,d). As before, e{'yij',n) is a slightly delicate sign; a systematic way 
of fixing it is given in Appendix F. 
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a 

Figure 17: z is in the cell Cat and also in the triangle abc, with abc in counterclockwise order. 
The first sheet is such that with orientation e~"'(A, (9j) > the WKB curves flow from a to b, 
counterclockwise on the triangle. The green curves are the projections of open paths 712 and 721 
connecting sheets 1 and 2 above z so that 712 + 721 — —"/e- 

Finally, the y^~r^'' are to be identified with the y-y--, G Hom(Vs^ , Vg^, ) which we are 
after. 

Example. Suppose z is in the cell Cab as in Figure 17, and we define sheet 1 to 
be the root A so that the WKB curve with e~"'(A,c)t) > through z is oriented to flow 
counterclockwise around the triangle, i.e. from a to b. Then x^^z lies on sheet 1 and Xa,z 
lies on sheet 2. Now consider 711 = G Fn. This is associated with 

_ Sgjz) (g) Sbjz) 



while 722 = G F22 is given by 



y,...,= '^'f^'f' . (7.35) 

{Sa,Sb) 



Now consider the simple path 712 (-z) from sheet 1 to sheet 2 and projecting to a simple 
curve from z to the turning point in the triangle abc, as in Figure 17. Then 

3^712 = , , sb{z) ® Sb{z). (7.36) 

{Sb,Sa){Sb,Sc) 

As a check, if we compose with a similar expression for the open curve 721 whose projection 
is shown in Figure 17, so that 712 + 721 = —7b, we find indeed that 

y y_ _ iSf,Sb){Sa,Sc) Sgjz) (g) Sbjz) 

~ (Sa,S/)(sb,Sc) {sb,Sa) (7.37) 

= —3^-73^711, 

where 711 = G Fi. This is summarized in the equation 3^7123^721 = o'(7i2, 72i)3'7i2+72i • 



*®We use a for both the deck transformation and the twisting function. We hope these will not be 
confused. 
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Figure 18: The parameter z of a surface defect is changed so that it moves from a cell Cab to a 
cell Cac across a separating WKB curve. Blue dots are singularities, and orange crosses are branch 
points, aka turning points. A similar picture applies if z is held fixed but {u, (^) are changed so that 
a separating WKB curve sweeps across z. 

To complete the demonstration that the y^y-j, are correctly defined, we must demon- 
strate how the full 2d-4d BPS spectrum is captured by the discontinuities of y-y-^, ■ In this 
case the combinatorial data that goes into 3^7-^/ is slightly more than what we had in the 
pure 4d case: we need the WKB triangulation Twkb plus the information of to which cell 
Cab the points z, z' belong. As we vary ■& = arg( these combinatorial data might jump, 
and we ask how these jumps induce jumps in y-y..,- We have to consider flips, pops and 
juggles of Twkb as before, as well as the new possibility that z or z' moves from one cell 
to another: 

• Suppose z moves from a cell Cab to a cell Cac as in Figure 18. In this case we can use 
the simple identity SaTbc + SbTca + ScTab = to relate the 3^^ , before and after the 
jump. The resulting transformation turns out to be an 5- factor, with fi^.. = 1, where 
i and j refer to the two preimages of z, and -jij is the path which starts from one 
preimage of z, runs to the branch point in the middle of the triangle (abc), and comes 
back to the other preimage of z. The detailed demonstration of this can be found 
in Appendix F. If we hold z fixed and let 'd vary, such a jump will occur whenever 
there is a WKB curve of phase which connects z to the branch point. Such a finite 
WKB curve represents a 2d soliton with charge 'jij. A very similar story also holds 
with z replaced by z' . 

• A flip of Twkb occurs when, as is varied, one of the cells of C shrinks to zero size. 
It follows that at the -d where the flip occurs, z and z' are (at least generically) not 
contained in this collapsing cell: even if they were in that cell for some value of 
they will fall out before the flip is reached. From this it follows that the flip affects 
y^y. ., only through its action on the functions Tab- Indeed, the action turns out to be 
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precisely given by a transformation /Ci:^ , , where u:["fE-,lij') = {lEilij') (™ sense 
we defined in §7.2 above.) 

• A pop of TwKB occurs when the WKB curves going into a regular singularity a start 
winding around a more and more and finally become closed curves. In particular, 
near the i? where the pop occurs, Twkb contains a degenerate cell, which contains a 
in its interior and also contains a WKB curve which runs from a turning point to o. 
As "Q approaches the critical value, this WKB curve winds more and more around a. 
In particular, if z lies in this degenerate cell, there are infinitely many values of for 
which this WKB curve meets z. These values accumulate at the critical where the 
pop occurs. As we have explained above, each time the WKB curve meets z, the y^y^-i 
undergo an S transformation: so we get an infinite sequence of such transformations, 
corresponding to solitons with charges -yij + nj[, as n — t- oo. On the other side of 
the critical ( we have a second infinite sequence of S transformations corresponding 
to solitons with charges jji + nj[ as n — )• oo. We may then ask whether there is 
a further transformation sandwiched between these two infinite sequences, exactly 
at the value of where the pop occurs. It turns out that the answer is yes: there 
is a single IC^f transformation, with a; (7/, •) corresponding to a 2d particle carrying 
only 4d flavor charges. One could in principle prove this directly by studying the 
limits of 3^7j(C) as C approaches the critical value from either side, along the lines 
of what was done for the juggle transformation of the in [2]. In practice, it is 
faster to work indirectly — move the point z just outside the degenerate cell, so that 
the infinite sequences of transformations disappear, and then use the wall-crossing 
formula (2.51) to deduce what happens when z is in the degenerate cell. See §8.2 
below for a concrete illustration of these remarks. 

• A juggle of TwKB occurs when closed WKB curves form an annular region. If z and 
z' are outside the annular region where the juggle is taking place, then the effect of 
the juggle on the y^._., is simply a fC^I^ transformation with i^(7o,7ij') = — 2(70,7^'). 
This is a straightforward extension of our discussion above about the juggle in the 
pure 4d case. Also as in the pure 4d case, this transformation is surrounded by two 
infinite sequences of /C corresponding to flips. The more interesting case is when 
either z or z' lies in the annulus. Then one finds an infinite sequence of 5- factors 
interspersed with these infinite sequences of /C, as the WKB curves wind more and 
more around the annulus. At the critical ^ where the juggle occurs, there is a /C- 
factor with appropriate a;(7o, •). Much as we just discussed for the pop, the simplest 
approach to determining exactly what transformation occurs at the critical is to 
use a wall-crossing formula. We give an example in §8.3. 

Remarks 

1. The analog of the Darboux expansion for interfaces Lp associated with open curves p 
on C from z to z' is given in (5.43). As in the case of closed curves, for Ai theories we 
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can compute the framed BPS degeneracies quite explicitly, using a standard algorithm 
for writing the parallel transport from z to z' as a linear combination of yt. , G 
Hom(y, y). For details see, for example, [2], Appendix A, equation (^.8). 

2. It should be possible to define the more subtle quantities 'y^^ in terms of expressions 
of the form Ha b -^ab'''*c(-2) where the n^fe are now half-integers, raising issues with 
the choices of squareroots. We will not attempt to define them here, but we note 
that doing so would amount to an explicit construction of the twisting B field of the 
universal bundle, so it might be worthwhile to work this out carefully. 

3. Finally let us remark that there exists a 2d-4d analog of the "spectrum generating 
transformation" written down in §11 of [2]. There we wrote an explicit formula for the 
3^^ in terms of the opposite monodromy eigenvectors Sa,h,c,— ^ which is equivalent to 
working out the transformation relating to 3^^"'"'^. This transformation turned out 
to be given by a combinatorial recipe depending only on the triangulation Twkb (''?)• 
On the other hand this transformation is the composition of all the factors K^j^'^'^ 
attached to the BPS rays which one encounters in varying arg^ from to + vr, 
and hence contains complete information about the 4d BPS spectrum. All of that 
discussion can be generalized to the 2d-4d setting: one can give a combinatorial recipe 
for the transformation relating , to 3^^"^.'^, as an automorphism S of the vacuum 
groupoid algebra. This S has a unique ordered decomposition of the form 

S= : n ^^^K,-- (7.38) 

'i?<arg — Z^,arg — Z-^. ,/ <'d-\-'R 

which determines the complete 2d-4d BPS spectrum. We do not write the details 
here. The main new ingredient is a formula for the transformation taking Sa — ?• Sa 
for a pop at a single vertex. It involves a rational expression of the Fock-Goncharov 
coordinates on all the edges of a star neighborhood of the vertex a. We will defer the 
details to another occasion. 



8. Examples of 2d-4d wall-crossing in some Ai theories 

In this section we illustrate the general remarks of §7 with a few simple examples. Many 
of the more intricate examples of [17] could be reconsidered along the lines below, but we 
have not done this yet. We expect that some rich phenomena remain to be discovered in 
those examples. 

In the following sections we will be writing formulas for A[<) in various different 
theories and regions of moduli space. To lighten the notation, we take advantage of the 
fact that, with our sign convention for a understood, S^^^ only depends on // through the 
value fi{'jij); this value is always +1 or zero in our examples, so we drop the exponent and 
just write S^.^ when ni'fij) is nonzero. We also sometimes drop the explicit u in ICi^ when 
it is unchanged in a wall-crossing formula. 
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8.1 Simple Argyres-Douglas-type theories 

A particularly simple class of theories for studying wall-crossing are the Argyres-Douglas- 
type superconformal theories of Ai type. These theories are obtained by compactifying 
the Ai (2,0) theory from six to four dimensions on C = CP^, with an irregular singularity 
at infinity, whose strength is specified by an integer > 1. (Usually one only considers 
> 3, since the theories with = 1,2 have rather trivial 4d dynamics. As we will see 
below, though, even the case = 1 is interesting when coupled to a surface defect.) 

Following the discussion of §7, these theories correspond to the Hitchin system on CP^ 
with gauge group SU{2) and a single irregular puncture at infinity. The Coulomb branch 
B is thus parameterized by meromorphic quadratic differentials (^2(^) on CP^ of the form 

^2{z) = -PN{z)dz', (8.1) 

where Pn{z) is a polynomial of degree A^. The low-order coefficients of Pn{z) are coor- 
dinates on the Coulomb branch, while the higher-order ones are parameters of the theory 
(see e.g. [2], §9.2). 

The BPS spectrum of these theories has been investigated in [69] and revisited from 
our current perspective in [2]. At any point of i3, the 4d BPS spectrum consists of a finite 
set of hypermultiplets. The wall-crossing phenomena which occur when we move in B can 
always be understood using only the basic identity "/C/C = IdClC (2.14). 

Below we consider the 2d-4d BPS spectrum that we get by coupling these theories to 
their canonical surface defects S^. As we will see, the answer is again very simple: we will 
find a finite set of 2d solitons between the two vacua. Studying these solitons will provide 
examples of the various phenomena we have discussed in this paper. For A^ = 1 there is 
no wall-crossing for the solitons, but the solitons do induce wall-crossing for framed 2d 
BPS states. For A^ > 1 the soliton spectrum undergoes wall-crossing, which provide nice 
examples of the finite 2d-4d wall-crossing formulae. The essential formulae we need are 
summarized by special cases of (2.36) and (2.44). In the Ai theories the only identities we 
will need are: 

1. First, the result when crosses a separating WKB curve: 

KaSh = SbSb+aICa uj{a,b) = -1 (8.2a) 
SbICa = fCaSb+aSb ^^{a, h) = +1 (8.2b) 

Note that this does not change the u degeneracy, so we have suppressed the super- 
script. 

2. Second, the result when crosses a finite WKB curve: 

Sb^a^a-b = Sa-bK-a Sb (8.3) 

which leaves the soliton spectrum unchanged but reverses the sign uj{a,b) = —1 to 
u}'{a,b) = +1. As discussed in the example at the end of §7.2 above, what has 
happened is that the meaning of the charge "6" has changed since the point z has 
moved. The prescription for computing w in terms of intersection numbers remains 
in force. 
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8.1.1 N = 1 

The = 1 theory is obtained by taking P{z) = z. In this theory the 4-dimensional IR 
physics is trivial, so there are no 4d gauge fields; there are also no flavor symmetries, so the 
charge lattice T is trivial, and there are no 4d BPS states. Although the four-dimensional 
theory is trivial there can still be a nontrivial two-dimensional theory. Indeed we will see 
that this theory corresponds to a Landau-Ginzburg theory with W = ^x^ — zx, which we 
have already studied in §6.3 and Appendix B.^'' 

When we include the canonical surface defect Sz associated to a point z £ C, the 
theory does have 2d BPS states. To see them explicitly we can use our description from 
§7.2: a 2d BPS state corresponds to a finite WKB curve running from the turning point at 
z = to z. The finite WKB curves emerging from the turning point in this case are just 
three straight rays from to oo, with inclinations |(^? + 27r), + 47r). As we vary {} 
through a phase tt (say from to vr), the three rays rotate, and one of them sweeps across 
the point z. Hence there is exactly one 2d BPS state with phase between and vr. The 
full BPS spectrum consists of this particle plus its antiparticle (which has phase between 
TT and 27r). These BPS states persist for all values of z, which is the only modulus around, 
so there is no wall-crossing for the ordinary 2d BPS spectrum. The spectrum of vacua and 
BPS states coincide with those of a Landau-Ginzburg model with superpotential — zx. 
From this point of view, our statements will just be a rewriting of standard statements 
from tt* lore [58, 32]. 

(A) (B) (CO 



3 1 1 




2 



Figure 19: WKB sectors and interface paths for three values of (. The separating WKB curves 
emerging from the turning point are illustrated for three values of ~ arg In (A) ^ is a positive 
real number. As the phase of ^ is increased the picture rotates counterclockwise to produce figures 
(B) and (C). 

Although there is no wall-crossing for the ordinary BPS states, there is still some 
wall-crossing in the story: indeed the presence of 2d BPS states implies that there is wall- 
crossing for 2d framed BPS states. Let us explore this a bit. We consider an interface Lp ,^ 
between two canonical surface defects Sz, S^' associated to a path p from z to z' as shown 
in Figure 19. We initially assume that z and z' are "close" in the sense that the angle 

'''''Although the mathematics is the same, there is an important conceptual difference. The Hitchin system 
in §6.3 is on the u-plane B = C and there is a 4d U{1) gauge theory. Here there is no 4d gauge theory, B 
is a point, and the Hitchin system is on the Riemann surface C. 
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Figure 20: Using the principal branch of the logarithm to define z^l"^ determines a sheet of the 
covering E — >■ C, which we denote The standard orientation of WKB curves is shown here for 
WKB curves on sheet +, at z9 = 0. This orientation allows us to fix a small flat section given a 
point z e C and a choice of sheet above z. 



between them is less than 27r/3, and discuss the case when the angle is between 27r/3 and 
vr later. 

First of all, it is straightforward to express (L^^^). The small flat sections are defined 
first in the neighborhood of singular points and then defined for other values of z by parallel 
transport. Using the convention (7.28) we can write 

V-P.d = -f ^ + 7 ^ (8-4a 

Si{z) (g) 52(^^0 ^ S2iz) (g) Si{z') 
— 7 ^ 1 7 ^ (,».4bJ 

(52.51) {Sl,S2) 

^ S2iz) (S) Ssjz') ^ Ssjz) (g S2iz') 

(53.52) (S2,S3) 

All three of these expressions are valid for any z,z'. Which one of them is useful for 
extracting framed BPS states depends on the sectors to which z, z' belong. Recall that the 
expressions Xn^c,d{z, z') with good asymptotics are only defined for c G {a, 6} when z E Cab 
and similarly for d. Therefore in case (A) of Figure 19 we should use (8.4a). In accordance 
with our discussion of equations (7.34) and (7.35) we define 

_ sz{z) <g) si{z') 

~ (8 5) 

_ Si{z)^S3{z') 
(S3,Sl) 

because for z, z' € 6*3^1 the + branch of A is associated with z\ and the — branch with Z3. 
(See Figure 20.) Therefore in case (A) of Figure 19 we can write 

(ip,c)=3^7+v+^7__.- (8-6) 

There are therefore two framed BPS states associated to the open paths indicated above. 

Now let us increase the phase of C, so that the WKB curves rotate to case (B) of Figure 
19. Now z remains in 6*3^ 1, but z' G Ci^2j and given our rules for defining Af„ c,d we must use 
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c G {1,3} and d G {1,2}. Thus, none of the expressions (8.4) is directly useful. However, 
we can use the relation 



si{s2, S3) + 52(53, si) + ssisi, S2) = (8.7) 
to eUminate 53(2') in (8.4a) in favor of si{z'), S2{z') to get 

V ssjz) si{z') (52,53) f , 51(2:) (8)52(2:') 



(S1,S3) (S1,S2)(S1,S3) {S2,si) (8.8) 

The path 7 / is the same as that used in (8.5), although its expression in terms of the 5a's 

has changed. Also note that a third term, similar to (7.36), has emerged, so we now have 
three framed BPS states. This is an example of the wall-crossing phenomenon for framed 
BPS states. 

Now we can check the framed wall-crossing formula. We have 

3^7++' - 3^7_v + y^-' = (y^++' + y^-')i^ + y^-'^') (s-s) 

which is the expected wall-crossing transformation by S^. 

If we further increase the phase of C so that we come to case (C) of Figure 19 then we 
use (8.4b) and recover once again (8.6). Now the wall-crossing is given by 

ii-y^-^)iy,^^,-y,,^,+y^,__,) = y^^^, +y^__, (8.10) 

which again is the expected transformation by S^. 

(A) (B) ^ , (C) (D) 







1 2 K 3 1 K 2 3 



1 1 33 



Figure 21: When z and z' are separated by an angle between 2tt/3 and tt there are six different 
Darboux expansions (up to monodromy). 

Let us now briefly indicate what happens when z and z' are separated by an angle 
between 27r/3 and vr, as in Figure 21. The Darboux expansion for case (A) is 

. Sljz) S2iz') (52,53) , 53(2) (g) 51(20 

(^P,C = ? N ^7 n7 r5i(2) (g) 51(2 ) H r 

(S2,si) (S1,S2)(51,53) (51,53) (8.11) 

= y,__,+yj_^,+y,^^, 



''^One can show tfiat consistency of tlie wall-crossing formulae given below fixes all signs up to the choices 

of (t(H — , — h') and a{-\ — , '). We will make the choice a{-\ — , — h') = +1 and (t(H — , ') = —1, which 

simplifies the formulae. 
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Denoting this expansion by Ea^ etc. the wah-crossings are 



Sb = y—' + y+-' + y-v 
£c = y—' + y+-' +y+v 
£d = y+-' + y++' + y-+^ 
Se = y++' + y-+' + y—' 

Sp = y_^, + y__, + y^_, 



M .£A = y__, + y^_, + 3;++, 



(8.12) 



In the last line M is the monodromy operator and for brevity we have shortened the 
notation to y-y^j^t = 3^++') etc. 

As a final remark note that since the bulk theory is so trivial, and in particular since 
there is no degree of freedom charged under the Z2 flavor monodromy for S^, we should 
be able to consider boundaries for the surface defect. The small flat sections ±Sa{z) are 
perfectly good candidates for the vevs of such boundary line defects. Because they can 
be canonically normalized (up to sign) by the condition {sa-,Sa+i) = 1, they are actual 
holomorphic sections of V^. When z is in an appropriate cell, they will define 3^+, 3^_, 

8.1.2 N = 2 

We next consider the case N = 2, where the polynomial P is of the form P2{z) = z"^ + 2m. 
The IR dynamics are still trivial, so there are no gauge fields and no gauge charges, Tg = 0. 
The Coulomb branch B is just a single point, so there is no possibility of wall-crossing for 
the 4d BPS spectrum. However, there is a 1-dimensional flavor charge lattice = F, 
and the 4d BPS spectrum is nonempty — there is a single BPS particle, carrying a flavor 
charge 7, corresponding to a finite WKB curve which connects the two zeroes of P. So 
n{±-f) = 1, while ah n{n-f) = for n / ±1. 

The story becomes more interesting when we introduce the canonical surface defect 
§2. Then we get a local model for the general behavior of a 2d-4d theory with two vacua, 
a light bulk particle and light 2d particles. (See the end of this section for further remarks 
on how to interpret the model.) 

Unlike the = 1 example where the 2d BPS spectrum was independent of z, we now 
find four distinct regions in the z-plane, with different 2d BPS spectra. Indeed, we can use 
the general principle mentioned at the end of §7.2. The regions are cut out by the finite 
and separating WKB curves emanating from the two turning points, at the value of ■!? = t?* 
for which the finite WKB curve is present; see Figure 22. Recall that when z lies on one 
of these curves, there is an obvious finite open WKB network from z to the turning point, 
with phase This finite WKB network corresponds to a 2d BPS particle whose phase 
is But is also the phase of the 4d BPS particle; so for this value of z the central 
charges of the 2d and the 4d particle are aligned. Thus, the finite and separating WKB 
curves of phase i?* shown in Figure 22 are the walls of marginal stability in the parameter 
z. 
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Figure 22: The cell decomposition induced by the WKB foliation i^wKB(i^) in the N ^ 2 Argyres- 
Douglas-type theory, when is set to the critical value i?* = argZ^. The WKB curves shown here 
are also the walls of marginal stability for the parameter z of the canonical surface defect. We label 
the regions R, U, L, D. Here m is real and negative. 




Figure 23: When d ^ + tt the separating WKB curves look as shown. As -d increases the 

three prongs around each turning point both rotate with the same sense. As i9 crosses i9* the curve 
of type Si jumps to a curve of type 5*4 and the curve of type S2 jumps to a curve of type S'3. 

The spectrum /x of 2d solitons can be determined geometrically as follows. In the 
regions L and R which have a single turning point on their boundary, the 2d spectrum 
consists of a single soliton (and its antiparticle) between the two vacua: it corresponds to a 
single finite WKB curve running from z to the turning point at the boundary of the region. 
In the regions U and D which have two turning points on the boundary, the 2d spectrum 
consists of two 2d particles, corresponding to two finite WKB curves from z to the two 
turning points on the boundary. This can be proved as follows. For -d / i?*,^?* + tt the 
separating WKB curves look like those shown in Figure 23. As "Q rotates the curves rotate 
around the turning points. The region between Si and ^2 or between 5*3 and 5*4 rotates 
and fills the upper and lower regions of Figure 22. For any point in these regions there 
will be values of "d such that that point lies on each of the curves of type Si and S'3 or 5*2 
and S4. Because the critical separating curves (i.e. those at ■!? = ■(?*) are walls of marginal 
stability we know that the curves Si cannot enter into the left and right regions. Similarly, 
for any point in the left region there will be some value of 'd such that this point lies on a 
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separating curve of type 5*5 or Sq 




Figure 24: A choice of cycles so that ^(7, 7ij(z)) = —1. Here we have taken P2 = — cP' where a 
is a positive real number, and we have placed the canonical surface operator on the ray (a^oo). 

In order to illustrate the wall-crossing formulae explicitly we now describe the 2d 
soliton spectrum in some detail. Our technique will be to determine the periods in some 
easily accessible region and then derive the spectrum in the remaining regions using wall- 
crossing. Because the local system Yyi has monodromy around the two roots of P2 we will 
find different spectra when comparing using homotopically different paths. 

We begin with z in the region K and call the charge of the single 2d particle 712 (-2), 
or sometimes just 712 with z understood. In order for this to be unambiguous we should 
choose cuts for the double cover S — )• C It is convenient to define 2m = —o? and write 
\fP = "v/^ + a^J z — a, choosing the principal branch of the logarithm to define each factor. 
When a is real -v/P ~ z at large z and has a cut running along the segment [—a, a]. For 
definiteness we take a > 0. We choose orientations as in Figure 24 so that a;(7,7i2) = — 1. 
With these choices we can determine the local system ri2. A simple path taking z around 
the root a leads to monodromy 712 (-z) — ^ —712 (-2) =: 721 (-2) , and a simple path taking z 
around the root —a leads to monodromy 712(2^) —712 (-2) + 27. This follows most easily 
by noting that Z^^2{z)-7 has a zero at z = —a and has a square-root branch cut there. 

It is also useful to note that for z large and positive the WKB curve clearly runs along 
the positive axis so •Z'^jjC^) positive. For large \z\ it behaves like ^713(2) ~ vr^^z^. (In 
fact, in this extremely simple model we can write the periods explicitly: 



V • 2 

= — la , 



■^712(2) ~ ^ z'^ — — o? log -I- \/ z'^ — cx^ -|- o? loga^ 



.13) 



but we will phrase our arguments so that such explicit formulae are not needed, since in 
general explicit formulae for periods are not available.) 

Using the above description of the periods, we can form the product A(<), taking < a 
sector of opening angle 27r, i.e. the whole plane: 

^(<; R) = IC^S^^^IC^-yS-y^^ (8.14) 

Although we have derived it for m real and negative and for z large and positive, this will 
hold for all z in the region R. Moreover, changing the phase of m merely rotates the whole 
picture. (We will return to the wall-crossing in m at the end of this section.) 
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Figure 25: The central charges for z in the region R on the real axis, and m e If m is fixed 
and z is continued into the region C/, then ^7^2(2) rotates counterclockwise, and aligns with at 
the R ^ U wall of marginal stability. If z is continued into the region D then the central charge 
■^712(2) rotates clockwise, and aligns with Zj at the R ^ D wall of marginal stability. 



Before proceeding let us make a few comments about the notation (8.14). First, in 
general, products of wall-crossing factors are only expected to make sense for < of opening 
less than vr. However, in the AD examples the product is always finite, so the full 2tt 
product is sensible. Moreover, it is sometimes useful to write the product for the entire 
range 27r since one might wish to split it into different half-planes. Of course, one can 
cycle the factors in these expressions. Second, the spectrum does not depend just on the 
region R, U, L, D but rather on a homotopy class of paths used to continue from R to the 
region. We will suppress this in our simple discussion below. Third, the expression (8.14) 
summarizes the configuration of central charges of occupied charges shown in Figure 25 
above. We will not draw the analogous figures for the other regions; rather, the reader is 
urged to draw pictures of the central charges in order to make the subsequent formulae 
comprehensible . 

We are now ready to proceed with the wall-crossing analysis. We will first take \ z\ large 
and move counterclockwise through regions R ^ U ^ L ^ D. Then we will compare with 
moving clockwise from R ^ D, as well as moving z through the cut [—a, a] directly from 
U ^ D. 

If we first move z from R to U then ^^^^(z) becomes parallel to (This can be 

easily seen by making \z\ large. Then the marginal stability wall is at aigz ~ j and 
■^712 ~ vr~^z^ has argument approximately 7r/2.) We can therefore apply (8.2b) with 
a = —7 and b = 712(2) to produce the spectrum in region R: 

j4(<[; U) = /C-),cS^2i+7'572i^— 7*^712— 7*^712 

(8.15) 

If we continue to increase the phase of z so that we encounter the wall-crossing U ^ L 
then the periods continue rotating and at the U ^ L wall Z^^j becomes parallel to Z^. We 
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now apply (8.2a) with = 7 and b = 712 — 7 to produce the spectrum in L: 

A(<[; -L) = /C^cS'yjj— — ^'^'yjj^+'y. (8.16) 

Continuing to increase the phase of z at the L ^ D wall argz ~ ^ and ^^^2-7 becomes 
parallel to We now apply (8.2b) to produce 

(8.17) 

We write Dl to indicate that this is the spectrum obtained from continuation from the 
region L. (Recall that ^(<) actually depends on a homotopy class of paths from region 
R.) 

Going back to the region R we could instead have continued z into the D region by 
moving z clockwise. In this case rotates clockwise and at the marginal stability wall 

becomes parallel to and (8.2a) produces 

Dt^ = /C'yc?/Y2i^72i^7^— 7^712^712+7 (8.18) 




Figure 26: The soliton spectrum for the N ~ 2 AD theory. Wc have chosen two cuts, on the 
complement of which the torsor T12 can be trivialized. These cuts divide the "down region" D into 
three subregions. The spectra in these three regions are related by the monodromy transformations 
associated with the two turning points. We have only given half the spectrum; the other half 
consists of the antiparticles. 

Finally, we could start with the spectrum summarized by A(<; U) in (8.15) and con- 
tinue z directly into the region D. Note that when z S {—a, a) the period Z^-^^ is pure 
imaginary. Moreover, expanding the period around z = a say, z = a + w, with w small 
we find Z7J2 ~ w^/2aw. From this it follows that as z goes through the marginal stability 
line U ^ D the central charges Z-f-^,^ and Z721+7 simultaneously align with Z-f. Thus we 
should apply the wall-crossing formula (8.3) to obtain: 

^(<I;Z>^c) = A^7t?7-|^2^7i2— 7^— 7^721^721+7* (8.19) 

In this way we arrive at the full spectrum shown in Figure 26. The fact that we found three 
different spectra in the region D is the result of the monodromy of the local system 
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around the two zeroes of P. As we have seen, when comparing Dl — t- Dc we should take 
7i2 721 + 27 (since ^712-7 vanishes at the left turning point), while to compare Dr — )• Dc 
we should take 712 — >■ 721- It is easy to check that with these monodromy transformations 
the spectrum is nicely consistent. 



-z2/2 




Figure 27: Walls of marginal stability in the m-plane for fixed z. The wall emanating to the left 
is of type SJCS = SICS, while the two walls emanating from m — are of type ]CS = SSK. and 
SIC — less respectively. There is a branch cut emanating from m — 0. When z — > the 4d and 
2d periods Zj and Z^-^^ simultaneously vanish. (This corresponds to a singularity in the scmiflat 
geometry, which is resolved by quantum effects; the resolved structure looks like a hyperholomorphic 
bundle on periodic NUT space.) 

Finally, it is interesting to study the behavior of the model in the m plane, since it 
serves as a useful local model for the general 2d-4d wall-crossing structure near a locus of 

B where = Z^.. = 0. Working at fixed z, there are two singularities in the m plane: 

2 

m = 0, where Z^ = 0, and m = tuq = where Z^^^^ = 0. Rotating the phase of m, the 
pattern of walls in Figure 22 rotates, so that if m rotates by 27r then the figure rotates in 
the same sense by vr. When |?7i| > ^\z^\ the segment between the two roots of P2 rotates 
through z and we apply the wall-crossing formula (8.3). When \m\ < ^\z^\ as the phase 
of m increases by 27r two of the separating WKB curves pass through z. As we have seen, 
these correspond to wall-crossings of type (8.2a) and (8.2b). Hence at fixed z we will find 
two walls of marginal stability emanating from m = 0, and the three types of walls meet at 
niQ. The m-plane is thus divided into two regions, an inner region with a single 2d soliton, 
and an outer region with two 2d solitons. The two regions are separated by a closed wall of 
marginal stability running through both singularities. Another wall, of the SICS — ?• SICS 
type goes from niQ all the way to infinity. See Figure 27. 

Remarks 

1. The example of this section is actually a member of a larger family of local models, 

Pn{x) = zQNfix) (8.20) 

with N > Nf, which correspond to theories with Nj flavor charges only, no gauge 
charges, and describe the general behavior of 2d-4d An theories near loci where a 
certain number of mutually local bulk particles and domain walls between N vacua 
become simultaneously light. Indeed = + 2m is equivalent to — 2m = 2zx. It 
would be interesting to study this general class, but we will leave it for future work. 
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2. Although we said that a bulk particle of flavor charge 7 is present, this is rather 
immaterial, unless one gauges that flavor symmetry, as would happen if this were a 
local model for a larger theory. Rather, what matters is that there will be non-zero 
u}{'y,jij). It is perfectly flne to interpret the results of this subsection as concerning 
the behavior of a certain 2d theory with 2 vacua, with 2d particles carrying a flavor 
charge 7. It should not be difficult to engineer a theory, with the correct twisted chiral 
ring relations as to reproduce the spectral curve of this Hitchin system. We can get 
pretty close if we consider a U{1) gauged linear sigma model, with a chiral multiplet 
of charge 1 and a chiral multiplet of charge —2. Integrating away the massive chiral 
multiplets gives us a twisted superpotential 

2a log a - {a + m) log(cj + m) - Imta (8.21) 

which is minimized if = e^'^'*(cj + m): if we were to set z = e"^* and a = xz, so 
that 2iTTadt ~ xdz then we get the desired curve. It would be interesting to compare 
the BPS spectrum of this theory with the one we discuss below. 

3. We have not systematically investigated the framed BPS degeneracies in this model, 
but we have given all the techniques needed to do so. 

8.1.3 Larger N 

At larger A^, the picture becomes more intricate, but no essentially new wall-crossing 
phenomena happen: all wall- crossings involving 2d particles can be understood using the 
basic identities (8.2a), (8.2b), and (8.3) we used above. 

Let us describe a sample of the behavior one finds. We begin from a region of the 
Coulomb branch B where all roots of P{z) are real. Here the 4d spectrum is easily described 
[69]: finite WKB curves appear only between adjacent roots. We denote their charges as 
7^*, s = 1, . . . , N — 1, where s = 1 corresponds to the rightmost root. The intersection 
products are (7^,7'^"^) = 1 and (7**, 7*) = if |s — t| > 1. The corresponding BPS rays 
all lie either along the real or the imaginary axis, for even and odd s respectively. See, 
for example. Figure 28 for the case A^ = 6. (We have here a rather degenerate situation, 
where several BPS rays of different nonintersecting charges coincide. Nevertheless, this is 
not really a wall of marginal stability since the corresponding charges have zero symplectic 
product with one another.) 

Now how about the spectrum with the surface defect included? If z is well to the 
right of all the roots, this spectrum just consists of a single 2d particle, corresponding to a 
finite WKB curve running from z to the rightmost root. Call its charge 712- So we have an 
additional BPS ray ^-y^j carrying the transformation 5-j,^2 ■ Furthermore there are no other 
open finite WKB networks starting from z. In order to see this we use reasoning similar 
to that used near Figure 23. At ■!? = 1?=,, which supports a 4d BPS state the walls will look 
like those in Figure 28. For "i? 7^ vr, the separating WKB curves will rotate but 

there will always be a region far to the right containing the large positive real axis and 
sitting between the rightmost separating WKB curves. Now, WKB rays can never cross, 
and therefore, if 2; is a large positive number then for any ■!? there can be at most one open 
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Figure 28: The walls of marginal stability in C for 2d-4d BPS states in the = 6 Argyres-Douglas 
theory, when u is in the region of the Coulomb branch where all roots of Pg are real. Finite WKB 
curves join successive roots. The separating WKB curves asymptote to the fourteen lines of phase 
27rn/16 not parallel to the x-axis. The red walls correspond to wall-crossings involving BPS rays 
with phase = ±7r/2 and the blue walls correspond to those rays with ■& = 0,7r. We have shown 
712 (-z), 7^ and 7^ in some cut system, and indicated the /C-rays which become parallel with the 
<S-ray ^712 (z) ^'^^ the first few walls. 

finite WKB network. On the other hand, the walls of marginal stability are determined 
by the pattern at 1?=,,. Therefore, if z is any point in the rightmost region of Figure 28 
there is one and only one open finite WKB network connecting z to the turning point zi. 
Moreover, a;(7*,7i2) = for all s, except for s = 1, for which ti;(7^,7i2) = 1- 




Figure 29: When z is large and lies in the region in the upper half plane between the separating 
WKB curves associated to 7^ and —7^, the soliton spectrum is that shown here. 

Let us consider how the configuration of BPS rays evolves as z is varied. As we 
move z counterclockwise around the configuration of roots of P, staying a large distance 
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away, the single S^^^ ray first meets a BPS ray carrying the transformation /C^i (and also 
carrying various other /C transformations corresponding to other 4d BPS states, but those 
transformations commute with S^^^, so they play no role at this moment.) Applying the 
WCF (8.2b), one sees that after these two rays cross, the S.^^^ ray is replaced by two rays, 
carrying tS^^j and S^^^j^^i. As we continue to move z, these two rays next cross Since 
7i2 has zero intersection with 72 there is no wall-crossing as the ray for 712 passes through, 
but this is not so for 712 + 7^. Indeed, using again (8.2b) with = 7^ and b = 712 + 7"^ 
wall-crossing produces three rays, S^y^^, S^-^^_^^i, 5^^2+71+72, leading to the configuration of 
rays shown in Figure 29. Next, z crosses a ray for —7^ and 7'^. In our degenerate situation 
with large z these happen almost simultaneously. First the rays for 712 (-z) + 7^ and 712 (-2) 
cross the ray with factor /C_^i and we apply the wall-crossing formula (8.2a): 

57-j^2+7-'-+7^^7i2+7"'"^7i2^— 7-'-^7'^ ~ ^7i2+7"'"+7^^— 7''" ^712+7^^7^ * (8.22) 

Next, since a;(— 7^, 712(2) -|- 7^ -|- 7^) = 0, when the ray with charge 712 + 7"*^ + 7^ passes 
through /C_^i we simply commute factors: 

c?7-j^2+7-'-+7-^^— 7^^7i2+7"'"^7'^ ~ 7"'"^7i2+7^+7^^7i2+7^^7'^ * (8.23) 

Next as z crosses the separating line for 7'^, 5^^2+7^ commutes through (again because 
intersection products vanish) and we apply (8.2b) to produce 

/C— 7i57-l^2+7-'-+7^^7l2+7"'"^7'^ ~ 7"^ ^7^^7l2+7"'"+7^+7^^7i2+7"'"+7^^7i2+7"'" * (8.24) 

Thus the 2d particle of charge 712 decays into a 2d particle of charge 712 + 7^^ plus a 4d 
particle of charge —7^, and almost simultaneously a new 2d particle of charge 712+7^+7^ + 
7^ is formed as a bound state of a 2d 712 +7^+7^ and a 4d 7^. The pattern continues as 
z moves across the upper half of the plane: we encounter a series of pairs of walls at which 
one state decays and a new one is born. At the last two walls we have only decays with no 
new states created, so when z reaches a point far to the left of all of the roots of P, we find 
just a single BPS state. We can then bring z back around the circle to its original position: 
we encounter a sequence of walls very similar to what we just described. See Figure 28 for 
a picture of the walls in the z-plane in the case = 6. As in the discussion of A^ = 2 above, 
when z comes back to the original point we must have only the original soliton, but to see 
this explicitly as the outcome of a composition of wall-crossings requires us to take account 
of the monodromy of ri2 around the loop. We emphasize that this is only the picture at 
one specific locus in the Coulomb branch; as we vary u £ B the walls would deform and 
even change topology. One could encounter more complicated patterns of wall-crossing in 
these cases. As a simple illustration of this we plot the walls of marginal stability for the 
A = 6 theory for = {z^ - l){dzf in Figure 30. Still, we believe that one could study 
all the wall-crossing phenomena systematically using the same basic wall-crossing formulas 
we used above. 

It is worthwhile discussing the case A = 3 a bit further. In this example the Coulomb 
branch B is one-dimensional and has a simple singularity structure. We take the polynomial 
P3{z) = z^ — 3A^z -|- u. The Coulomb branch for the bulk theory has two singular loci u±, 
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Figure 30: Walls of marginal stability for the = 6 AD theory at a particular point u in ,B as 
described in the text. 

where an "electron" and a "monopole", of charges 7e and 7^, (7e,7m) = are respectively 
massless. There is a single wall of marginal stability, separating an inner region where 
the spectrum consists of the two particles only, and an outer region where the spectrum 
consists of three particles, of charges 7e, 7m j 7e + 7m- Notice that the monodromy at 
infinity which arises from the combination of the monodromies around the two singular 
points is (7e, 7m, 7e + 7m) (7e " 7m, 7m, 7e) (-7m, 7m + 7e, 7e), & cychc permutation 
of the three particles. 

If we set A = the two singular loci coalesce into a AD point, the inner region 
disappears, and the setup has an exact Z3 symmetry acting on the z plane which coincides 
with the cyclic permutation of the populated charges 7e, 7m, 7e + 7m- If we set the surface 
defect parameter at the origin, z = 0, the spectrum of 2d solitons must also enjoy this 
symmetry. Indeed, it is not difficult to argue that there are three 2d solitons, whose 
charges correspond to three straight WKB segments from 2; = to the three turning points 
z = n^l"^ . Even if A 7^ 0, this is the general spectrum for sufficiently large u. It is not 
difficult to fill in the full spectrum for large \z\ as a function of u, interpolating from very 
large to small |n|, but we will not describe the details here. We simply note that the three 
2d solitons at very large \u\ can be continuously connected to the soliton of charges 7jj, 
7ij + 7e, 7ij + 7e + 7m which we encountered at the third step of the general analysis. 

8.2 The CP^ sigma model 

Now let us consider another example where the 4d dynamics is trivial, namely the 2d CP^ 
sigma model. This model nicely illustrates the examples related to degenerate cells and pop 
transitions discussed in §7.5. It is also useful preparation for the rather more challenging 
example of the four- dimensional SU{2) Nf = theory coupled to the the CP^ sigma model, 
to be discussed in §8.3. 

The BPS spectrum in this model has been studied by Dorey [21]. Let us briefly recall 
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the salient results. The chiral ring with twisted mass parameter m is 



(8.25) 



where t is the Kahler parameter of the target CP^. The twisted mass defines two vacua 
which we can take to be the north and south poles of the target space CP^. This mass 
breaks the SU{2) global symmetry (coming from the isometrics of the target space) to 
C/(l). We write the root lattice of SU{2) as Za and measure U{1) charges in terms of a. 
In the strong coupling region, defined by \m?\ <C |A^e*|, the effect of the twisted mass is 
negligible and there are two solitons interpolating between the vacua. At m = they form 
a doublet and hence have f/(l) charges zt^a. On the other hand, in the weak coupling 
region, defined by \m?\ S> |A^e*|, the twisted mass localizes the dynamics to one of the 
two vacua at the north or south poles of CP^. The massive sigma- model fluctuations 
around those vacua give 2 BPS particles of central charge Z = im together with their 
antiparticles. There is also an infinite tower of semi-classical solitons interpolating between 
the two vacua. These solitons (and their antiparticles) carry global U{1) charge (n + |)a 
for all integers n £ Z, with degeneracy = 1 for each n. Evidently, there is a marginal 
stability transformation in the BPS spectrum, very reminiscent of the strong-weak coupling 
transition in the four-dimensional SU{2) theory [21, 23]. 

It is instructive to see how these results are reproduced in the geometric formulation 
of this paper. We take C = CP^ — {0, oo}. (C is not related to the CP^ target of the sigma 
model!) The chiral ring corresponds to the spectral cover equation 



where z = e* and X = xdt. This covering is the spectral cover of an Ai Hitchin system 
on C with the weakest possible irregular singularity at infinity, and a regular singularity 
with residue ma^ at the origin. The Hitchin equations in this system coincide with the tt* 
equations for the CP^ sigma model. The double covering has two branch points: one at 
z = zq = and one at z = oo, so S is a thrice-punctured sphere. Let be the two 
lifts of z = 0. The homology of S is generated by 7, a small curve winding once around 
P"*", and o'*(7), a small curve winding once around P~ . The class 7/ := 7 — <7*(7) generates 
the odd homology lattice F = Hi{T,; Z)~ and corresponds to a closed curve around z = 00. 
We will identify T with the flavor lattice aZ and hence a with 7j. 

Let us now derive the BPS spectrum geometrically. As in the previous examples this 
can be inferred from the structure of the WKB foliations, shown in this case in Figure 31. 
At the critical values = , t?* + vr given by e^"^* = ztij^ there is a finite WKB curve 
joining zq to itself, as in the middle of Figure 31. As we have explained above the finite 
and separating WKB curves at this critical value of ■!? are the marginal stability lines in z. 
The finite WKB curve at i?* separates C into two regions, with the inner region near z = 
corresponding to weak coupling and the outer region corresponding to strong coupling. 

If z is any point in the strong coupling region there are precisely two special values of 
for which there is an open finite WKB curve connecting z to zq. Moreover, the open paths 




(8.26) 
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7i2 and 721 corresponding to these two curves glue together to form 712 + 721 = 7/- These 
BPS states, with /i(7i2) = ^(721) = 1, correspond to the two strong-couphng sohtons with 
flavor charges ^a. Together with their antiparticles we have two SU{2) doublets. Note 
that 721 = 721 + 7/ = —712 + 7/- Thus we can identify both ri2 and r2i with the torsor 

Now suppose z is any point in the weak coupling region. In this case the open path 
712 has intersection 2 with jf (where we choose a specific representative for jf, namely 
the difference of lifts of the closed WKB curve forming the boundary of the punctured 
disc.) We thus have (^(7/, 712) = 2. Dividing this up symmetrically requires us to assign 
a;(7/,7i) = 1 and a;(7/,72) = —1. So we find one particle of charge 7/ in each vacuum. 
Similarly we find one particle of charge —7/ in each vacuum. This fits with the field- 
theoretic expectation: each of the two vacua supports a particle of charge 7/, as well as 
its antiparticle of charge —7/. Incidentally, there is another way of picturing these BPS 
states: rather than thinking about the intersection between 712 and a closed WKB curve 
at the boundary of the disc, which seems a bit indirect, we observe that z itself is lying 
on a closed WKB curve. The two BPS particles in vacuum 1 can be naturally identified 
with the two possible orientations of the lift of this closed WKB curve to sheet 1 of S, and 
similarly for vacuum 2. 

Moreover, for any point z in the weak coupling region there will be infinitely many 
values of ??, accumulating at the critical value from above and from below, such that the 
spiraling WKB curves join z to zq. These correspond to the infinite tower of particles with 
flavor charges 712 + wjf and 721 + njf where n G Z corresponds to the winding number 
around the singularity at z = 0. 

Exactly at i? = there is a separating WKB curve joining zq to z = 00. However, the 
relevant intersection product is zero, so this WKB curve does not contribute a BPS state. 

We have thus reproduced the BPS spectrum of the model. Moreover, the wall-crossing 
in the z parameter takes place along the finite WKB curve with e"' = ibim/|m|. The 
corresponding wall-crossing formula is in perfect correspondence with (2.51) if we translate 
7ij 712, Iji 721 and 7-^7/. 

With a bit more patience, we could also explore the spectrum of framed BPS states 
for simple line defects in the model. We will only sketch the analysis. As we have an 
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irregular singularity of odd degree, we can consider the associted small flat section s{z), 
canonically normalized by the requirement (s, Ms) = 1. Here M is the monodromy matrix 
which represents parallel transport once around the cylinder. To be precise, we need to 
pick a path from the irregular singularity to z in order to define s{z). Other choices of 
paths winding n more times around the cylinder will give sections Sn{z) = M^s{z) for all 
integer n. Notice that (sn,Sn+i) = 1- 

Standard Stokes theory always implies linear relations of the form 

Sn-l + XnS„ + Sn+l = (8.27) 

for some scalar In this simple setup, all the equal, and 

xos = - (M + M-^) s = - (TrM) s. (8.28) 

But the matrix M is just the monodromy matrix around the regular singularity, and has 
eigenvalues y+i^ ■ Hence 



^n = xo = ~y.,^-y_r,^. (8.29) 



Finally, notice that 



M (Ms-y^i^s) =y^^Ms-s. (8.30) 



Hence the vectors = Ms — y+i^ s are monodromy eigenvectors with eigenvalue y^i^ ■ 
We can naturally conjecture that the Sniz, () are vevs of a boundary line defect L„ in 
the CP^ sigma model, i.e. a brane in the 2d sigma model. We can make an educated guess 
on the nature of the L„ brane: a space-filling brane (Neumann boundary conditions for 
the sigma model) with a Chan-Paton U{1) bundle with n units of flux. A first check is the 
observation that a shift of the sigma model i?-field z — t- e^^^z sends Sn — 5- Sn+i, and hence 
it should induce a monodromy L„ — )• Ln+i- But a i?-field shift is indeed gauge equivalent 
to a shift of one unit in the Chan-Paton U{1) bundle flux of all branes. 

A more refined check is to derive the spectrum of framed BPS degeneracies associated 
to the CP^ sigma model on a segment, with boundaries Lq and L„, by expanding (sq, s„) 
recursively: 



(so,si) = i, {so,s2) = yi^^+y_^_^^, {sQ,sz) = y^^ + i + y-^j. (8.31) 

Generally 

{so,Sn)= (8.32) 

Hence the framed BPS Hilbert space contains n states, with the quantum numbers of 
a irreducible representation of the SU{2) flavor symmetry of the model. We can give a 
physical interpretation of this calculation. We can reduce the CP^ sigma model on the 
segment to the supersymmetric quantum mechanics of the zeromode, in the presence of 
the n units of Chan-Paton U{1) bundle flux on the CP^ target space. It is natural for 
the ground states of this problem, the framed BPS states, to form an irreducible SU{2) 
multiplet of n lowest Landau levels. 
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Finally, the cells of the WKB triangulation are associated to pairs of sections with 
good asymptotics, either of the form {s±; Sn) or of the form which should be 

identified with the for appropriate cycles 7i. One can easily expand Sn'{z) in any of 
those bases, and derive the framed BPS spectrum for the theory on the half line, with L„/ 
boundary conditions. It would be interesting to match it to an explicit calculation. Also, it 
is conceivable that s± could themselves be identified with the vevs of certain boundary line 
defects L±. The relation Szr = Ms — 3^1 s would seem to relate L± to the "difference" 
of space-filling branc branes with one or zero units of flux. This suggests the identification 
of the tentative L± with point-like branes (Dirichlet boundary conditions for the sigma 
model), possibly located at the North and South poles of CP^ because of the twisted mass 
in the Lagrangian. 

8.3 The canonical surface defect in pure SU{2) gauge theory 

We are now ready to deal with the most complicated example in this paper, the canonical 
surface defect S^; in the pure SU{2) gauge theory. The spectral curve in this case is 



Since the analysis to follow is long and technical let us summarize the basic points and 
lessons first here. We will first analyze the soliton spectrum at strong four-dimensional 
coupling. We will find that in the z-plane there are a finite number of domains in each of 
which there is a finite soliton spectrum. We will derive the spectrum of the BPS degen- 
eracies ji and Lu at fixed u as functions of z. We will check that the 2d-4d wall-crossing 
formulae are consistent with the monodromy of the local system over the z plane. 
Then we will find a convenient regime in which to fix z and continue u from the strong 
coupling domain to the weak coupling domain. Since the 4d spectrum changes (dramat- 
ically) the walls of marginal stability in the z plane also change (dramatically). There is 
now an extremely complicated pattern of walls of marginal stability in the z plane (be- 
cause there are infinitely many 4d bulk particles). We will describe some aspects of the 
resulting chambers in the 2;-plane qualitatively and check several nontrivial aspects of the 
wall-crossing phenomenon and soliton spectrum without giving a full description of fi and 
cj for u in this weak-coupling domain. In particular, at weak four-dimensional coupling 
there arc two very different regimes. The weak two-dimensional coupling regime is defined 
by taking z to be in the "vectormultiplet annulus," that is, the annulus foliated by the 
finite WKB curves arising when ^ is the phase of the vectormultiplet central charge. The 
strong two-dimensional coupling regime is then the complementary region in the z-plane. 
In the strong two-dimensional regime the soliton spectrum is finite in any chamber, but 
there are a countably infinite number of chambers and the spectrum is unbounded. In the 
weak two-dimensional regime the soliton spectrum is infinite and chamber-independent. 
Nevertheless, there is an uncountable number of chambers, and the BPS degeneracies cu 
depend on these chambers. 




(8.33) 
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Figure 32: A basis for Z) at u = 0. We choose branch cuts emanating from z — i, z — and 

z — —i and running along the imaginary axis. — K and — —iK for K a positive constant. 
The cycles 7 and 7' have (7, 7') — 2. 

8.3.1 Preliminaries on local systems 

Let us begin with some technical preliminaries. Some aspects of the theory have already 
been discussed in §3.4.2. In comparing with §3.4.2 one should take u — )• —u and z = e*. 
Above, we described the local system over the «-plane for fixed u. We also described 
the local system F over the u-plane B* . However, in this section it will be convenient to 
describe the local system F — ?• i3* in a slightly different way. We begin with n = (strong 
4d coupling) and choose cuts for the covering (8.33) as in Figure 32. As shown in Figure 
32 we have chosen cycles 7 and 7' with (7,7') = 2. (We can map to §3.4.2 by identifying 
7m = 7' and 7e — o'*(7e) = (7 i 7'). The choice of sign depends on how we continue t± 
to the imaginary axis; the fact that there is a choice reflects the fact that monodromy of 
the local system on the n-plane can take one form into the other.) The 4d spectrum for u 
in the strong coupling regime has ^(±7) = r2(=b7') = 1, and all other degeneracies vanish. 
We will continue into the weak coupling regime; the weak coupling spectrum consists of a 
vector multiplet of charge ±(7 + 7') and Vt = —2 and two infinite towers of hypermultiplets 
of charge 7n := 7 + "-(7 + 7') and 7^ := 7' + n(7 + 7'), n G Z. Note that -7^ = 7!!_c„+iv 



Figure 33: We choose 712(2) as shown for z in the region U . The local system is trivialized on 
the complement of the cuts running down the imaginary axis, starting from z = i, 0, — i. 

We will also need some facts about the local system F12 in the z-plane. We define a 



z 
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Figure 34: The local system in the z-plane is determined by the monodromy around the three 
paths Pi, Vo, V-i shown. 

class 7i2(-z) as in Figure 33. We can trivialize on the complement of the cuts shown 
there. Using these pictures one can easily check that for n = and Im z sufficiently large 
and positive we have a;(7, 712(2;)) = a;(7', 712(^2)) = +1. 

The monodromy of ri2 around the three paths shown in Figure 34 is 

: 712 721, 

Vo : 712 712 - 7 - 1 1 (8.34) 
V-i : 712 721 +7-7- 

The most straightforward way to prove these equations is simply to transport 712 (-2) around 
the respective paths and compute intersection products with 7,7'. Alternatively, if we 
continue z along Vq to z ^ 0, we will find that .^^^2(^)+i(7+7') — ^ as z — )■ with a Z2 
branch cut. Therefore, a cycle that only encircles z = leads to a reflection 

(712(2) + 2(7 + 7')) ^ - (712(2) + 2(7 + 7')) • (8.35) 
In a similar way we find that continuation along a path V-i gives Z^j2(^)+7 ~^ foi' ^ ~^ ~i- 
8.3.2 The soliton spectrum at strong coupling 

Given the strong coupling 4d spectrum, the walls of marginal stability in the 2-plane are 
obtained from the finite and separating WKB curves at the critical values = arg zizZ^ 
and i9 = argitZ^/. For the case u = these are shown in Figure 35. The complement of 
the union of these critical curves is the union of connected regions R, U, L, D, and their 
respective reflected images R' , U' , L' , D' . The wall-crossing analysis will be very similar 
to that in §8.1.2, but now with two flavor charges 7 and 7'. 

It is easiest to begin the analysis of the soliton spectrum for z in regions U, D. As 
shown in Figure 37, in this case there are 3 distinct finite open WKB curves ending at 
z, implying the existence of 3 solitons (plus their antiparticles) in both these regions. 
We begin our analysis with z in the region U. In this case one of the open finite WKB 
curves is the projection of a path in the class 712(2) defined in Figure 33. By carefully 
computing the intersection numbers of the three finite open curves one can establish that 
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= 0,7r 
7 



Figure 35: The critical WKB curves for the monopole and dyon, of charges ±7 and ±7' respec- 
tively. The turning points are at z = ±i. The separating WKB curves asymptote to horizontal 
lines. 




Figure 36: Lines of marginal stability in the z-plane, for u in the strong coupling regime (u = 
in this figure). The region R' is the image of R under z — 1/z. 

the charges of the three solitons in region U are 712 (-z), 712(2^) — 7'i7i2(-2) + 7 (together 
with their antiparticles). To find the proper ordering of the corresponding BPS rays, we 
must compute periods. One finds by direct computation that = K and Z^i = —iK 
where K > 0. Now, for ^^^^(z) it is useful to take \z\ large. Then when z ^ U one finds 
"^712(2) ~ n^^^"^ where we use the principal branch of the log. Thus ordering of central 
charges is as shown in Figure 38. As in §8.1.2, we will not give the analogous figures for 
the other seven strong coupling regions, but will simply write the corresponding products: 

(8.36) 

Here (unlike §8.1.2) we will choose < to be an appropriate sector of width vr (rather than 
2tt). We take it to be the right half-plane, in this and all subsequent expressions (for the 

"^In fact K = 8^2^^^!!^. 
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Figure 37: The separating WKB curves as a function of "i? at m = 0. The critical WKB curves for 
4d particles are shown a,t — and = |. The unoriented WKB curves are the same for d and 
■d + TT. Therefore, the figure only shows the curves as varies from to tt. The separating WKB 
lines going to infinity eventually become parallel. Therefore, from the above configurations of these 
separating WKB lines we can deduce that when z is in the region U or D there are precisely three 
finite open WKB curves connecting z to the turning point. When \z\ is large, the corresponding 
phases of the three finite open WKB curves are close together. 



strong coupling region). 

Now we consider the wall-crossings as z moves along a path U L ^ D. As z crosses 
from U to L the phase of Z^^^^^) becomes close to Tr/2 for \z\ large, so the two rays ^7^2(2) 
and in Figure 38 become parallel to £^y and we can apply the formula (8.2a). 

(Note that w(— 7', 712(2;)) = —1.) This leads to a spectrum with only two solitons: 

j4(<; L) = ICyiSy2i^"/'Sfi2+y- (8.37) 

If we continue to increase the phase of z and cross from L into D then ^712+7 becomes 
parallel to i-y and (8.2b) leads to 

j\.(^<l] Dl^ = /C'y/tS-Y2x— 'y4-7'^721~7^721^7' (8.38) 

Now let us compare moving z along a path U ^ R ^ D. Crossing from [/ — )• i? at large \z\ 
the wall is at ■(? « 0, and -^-^12(2) ■^7i2(2)+7 become parallel to Z^. We can then apply 
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Figure 38: Arrangement of the central charges for z G [/ in the strong coupUng domain. Here we 
take M = and \z\ large. 

(8.2b) with a = 7 and h = 712 to get 

A(<l;R)=ICyS^j^2^'y'S'yi2-'y'- (8.39) 
Then, moving from R ^ D, ^^^^-7' ahgns with and we get 

A{<;Dr) = lC^iS.y^2S^-^2-^'^'yi2+i-"i'^i- (8.40) 

Now (8.38) differs from (8.40), but we must take monodromy into account. The cuts in 
Figure 34 divide D into two regions Dl and Dr and, by (8.34), there is a discontinuity 
taking 721 — >■ 712 +7 — 7' when passing from Dl to Dr. Thus, the wall-crossing formula is 
consistent with the monodromy of the local system around 7^_i, as expected. 

Now let us continue the spectrum from region L — t- L' in Figure 36. In this case 
z crosses the finite WKB curve for the charge 7, and this curve has phase "d = 0, vr. 
Consistency requires that the BPS rays ^^^2+7 and ^"f2i move toward (.^ and pass through 
each other when z is on the marginal stability wall. (This can be checked by noting that 
■^712 (^) — as z — )■ i.) Thus, the situation is very analogous to the D ^ U transition in 
the N = 2 AD example of §8.1.2. In particular we should apply the wall-crossing formula 
(8.3). Note that ^(7, 721(2;)) = — 1 for z G L (as needed to apply the formula) so that 
(7, 721(2;)) = +1 for z € L' . The spectrum is now 

A(<; L') = /C^/5'yj2+7/C75^2i • (^•'^l) 

Similarly, when continuing from z £ R to z £ R' , z crosses the finite WKB curve corre- 
sponding to 7', with phase '& = ±7r/2, and we apply (8.3) with the rays i^j^^ ^^'^ ^721+7' 
sweeping through £y to discover that a;' (7', 712(2;)) = —1 for z G R', and the spectrum is 

^(<; -R') = /C^'5^2i4-7' ^7*5721 • (8.42) 

Now we would like to continue from L' — t- U' and from R' — t- U' and compare. To do this 
z must cross a separating WKB curve. The separating WKB curve between L' and U' has 
phase "!? = =t7r/2, so the central charge Z^-^^ hues up with Z^- In order to apply the wall- 
crossing formula (8.2b) with b = ^i2{z) and a = 7' we need to know that a;(7', 712(2;)) = +1 
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for z G L' . This is indeed the case, and is compatible with (7', 712(2;)) = —1 for z ^ R' 
thanks to the monodromy of the local system around z = \. In this way we get 



In an analogous fashion we find that 01(7, 712(2)) = +1 for z £ R' and hence 

^(<; U'r) = /Cy5^2j+y5^2i'572i+7^7- 



^.43) 



^.44) 



As in our comparison of Dl with Dr, the cuts in Figure 33 divide U' into two regions U'l 
and U'r, and (8.43) agrees with (8.44) once we take into account the discontinuity across 
the cut summarizing the monodromy around Vi- 

To complete the analysis we consider the wall-crossing from L' — )• D' and R' — >■ D' . 



Since Z, 



7l2{^)+7 



as z — 7- — i from the region L' we can see that this central charge must 



line up with Zy and we apply (8.2a) with a = j' and b = 712 (-2) + 7 to obtain 



-/4(<l5 D /) /C'y' /C^tS-y22 ^721 — 7^721" 



-7-7 



.45) 



Finally, to do the wall-crossing from R' to D' , since Z^j2(z)+7' aligns with Z-y passing from 
R' to D' we apply (8.2b) to get 



.46) 



In an analogous way to the previous cases (8.45) is compatible with (8.46) once we take into 
account the monodromy around Vo- This completes our analysis of the soliton spectrum 
and its compatibility with the wall-crossing formula. 

8.3.3 The soliton spectrum for w^eak 4d coupling and strong 2d coupling 





7 



7' 



Figure 39: Critical WKB curves associated to 7 and 7', when u is positive imaginary in the weak 
coupling domain. 

Let us now consider what happens when z is fixed (in an appropriate region discussed 
below) and u moves along a path from strong coupling to weak coupling. To be specific, 
we consider a path so that the central charges Z-y and Zy align. Then, the Kontsevich- 
Soibelman wall-crossing formula produces the weak coupling spectrum. 






^7+7' I n ^^ 

n\,oo 
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7n in 

Figure 40: Critical WKB curves associated to 7„ and 7,'j, with some large n > 0, when u is positive 
imaginary in the weak coupling domain. In each figure the finite WKB curve shown winds n times 
around the origin. 




Figure 41: Critical WKB curves associated to the vcctormultiplet of charge 7 + 7'. The two purple 
finite WKB curves are the "outer" and "inner' vcctormultiplet curves. The annulus between these 
two curves is foliated by closed WKB curves and is referred to as the "vcctormultiplet annulus." 
This region corresponds to strong 2d coupling. The complement of the annulus in the z plane 
consists of an "outer region" connected to z = cx) and an "inner region" connected to 2; = 0. These 
are both weak coupling domains for the 2d coupling. 

in agreement with the standard result [25, 70, 71, 1, 2]. In this notation Jln/'o ™eans that 
the product is taken so that as one reads from left to right n increases 0, 1, . . . , 00, while 
n^\oo similarly means that as one reads from left to right n decreases from 00 to 0. We 
have suppressed the uj superscript but we remind the reader that 0(7 + 7') = —2. Because 
there are many new 4d particles, the walls of marginal stability in the z-plane change 
dramatically. If, for example, u moves along the positive imaginary axis into the weak 
coupling region then the critical WKB curves for 7 and 7' evolve into those shown in Figure 
39. In addition, there is an infinite tower of hypermultiplets with charges 7n)7^,- These 
lead to critical WKB curves such as those shown in Figure 40. Finally a vcctormultiplet 
emerges with charge 7 + 7' and critical WKB curves shown in Figure 41. The finite WKB 
curves for the vcctormultiplet foliate an annulus. The finite WKB lines associated to the 
hypermultiplets all wind around the origin and reside inside this annulus. In addition 
each hypermultiplet contributes two separating WKB curves both outside and inside the 
annulus, with each pair of lines differing by one unit of winding around the origin. As 
n 00 these separating WKB curves accumulate from the outside on the outer boundary 
of the annulus and from the inside on the inner boundary of the annulus. The resulting 
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Figure 42: Taking the union of the critical hypermultiplct WKB curves with the inner and outer 
vectormultiplet curves produces an intricate pattern of waUs of marginal stability. There are an 
infinite number of chambers accumulating from the outer and inner regions complementary to 
the annulus onto the outer and inner vectormultiplet curves, respectively. In the interior of the 
vectormultiplet annulus the walls are dense and there is an uncountable number of "chambers." 

pattern of marginal stability lines, taking into account the first few hypermultiplets, is 
illustrated in Figure 42. 

Now, to derive the soliton spectrum we first note that we can follow a path for u £ B* 
so that the lines i^y and in Figure 38 sweep through each other without passing through 
the soliton lines, thus producing the configuration of central charges shown in Figure 43. 
This is clearly true if we take \z\ to be sufficiently large with large imaginary part. We will 
call this region Uq. Thus, for z in Uq, the spectrum is given by 



We have suppressed the superscript w, but we must remember to extend our discussion 
slightly to find the u. We consider the element = 7i2 + 5(7 ~ t')' which uj{j, 712) = 
U}{'y',^i2) = before the wall-crossing. It follows that also ijj{-,Ji2) — after the wall- 
crossing, just by acting with the BPS product on X-yO^ (cf- a similar computation in §2.4). 
Then the affine-linearity of uj shows u(m^ + n^j' ,-^12) = {n-\- m)Q{mj + 717'). 

We now comment on the wall-crossing of the soliton spectrum, without doing a com- 
plete analysis. As we have noted, there are an infinite number of chambers outside the 
annulus bounded by separating WKB curves for hypermultiplets of charges 7^ and 7^. If z 
moves across such lines then there will be a wall-crossing formula of type (8.2a) or (8.2b). 
Let us choose one particular path where z begins on the imaginary axis at large positive 
imaginary part and moves downwards towards the vectormultiplet annulus. Referring to 
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Figure 43: The configuration of central ctiarges after moving u along an appropriate path into the 
weak coupling domain, while holding z fixed with large imaginary part, corresponding to the upper 
region in Figure 42. The /C-rays have experienced wall-crossing while staying far from the 5-rays. 
The central charges corresponding to infinitely many more /C-rays. with phases accumulating to 
that of ^7+7' , are suppressed. 



Figure 42 it is clear that there will be an infinite sequence of wall-crossings as z moves 
across pairs of walls which intersect along the imaginary axis. We will call the resulting 
chambers Uo,Ui,U2, ■ ■ ■ where Uq is the noncompact chamber at large \z\. These chambers 
get smaller and accumulate at the intersection of the outer ring of the vectormultiplet an- 
nulus with the positive imaginary axis. Now, there is a canonical half-plane we can use to 
describe the spectrum whose boundaries are the VF-boson lines. We will denote this sector 
as <w- Thus, we can rewrite the spectrum (8.48) in the equivalent form: 



A{<w;Uo) =IC 



Iw 



s. 



7i2(^)- 



c c 

1-7 7i2(2)'^7i2(z)- 



. n\,oo 



-In 



.49) 



Now, as z crosses from the noncompact region Uq in Figure 42 across the topmost wall the 
line for 712 (-2) — 7' sweeps counterclockwise across that for —7 and simultaneously the line 
for 712 (-z) + 7 sweeps across that for 7'. We therefore have simultaneous wall-crossings of 
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types (8.2b) and (8.2a) respectively, producing 



n\oo 




'712+7 




5, 



'712-7' 



( 



00 




(8.50) 



We are now set up for an inductive process, since once again on the left side of the product 
the ray with charge 712 + 7 can sweep clockwise across the next /C-ray of charge 7^ , while 
on the right the ray for 712 — 7' can sweep counter-clockwise across —71. After N such 
steps we find 



1. One might wonder whether the path we have described meets other wall-crossings, 
involving exchanges of other fC and S factors in (8.51). The easiest way to see that 
this cannot happen is to note that the oj{a,b) associated to these other potential 
crossings would not be compatible with (8.2a) or (8.2b). 

2. Other paths from Uq into the vectormultiplet annulus will produce interesting variants 
of (8.51) which are not symmetrical between the products in the middle line of this 
equation. We have not attempted to investigate the full chamber structure and soliton 
spectrum in detail. 

3. Using the 2; — )■ l/z symmetry we can also conclude that there is a similar spectrum 
of solitons in the regions inside the vectormultiplet annulus. 

4. There is a nice physical interpretation of the spectrum we have found. As we have 
discussed in §8.2, the strongly coupled CP"*^ sigma model has only two solitons whereas 
(8.48) predicts 3 solitons. In order to compare these spectra we should take the limit 
as the 4d SU{2) gauge coupling becomes infinitely weak. One way to do this is to 
set z = A^z and take A — )■ holding z fixed. In this limit the chiral ring equation 
(8.33) degenerates to (8.25). Moreover, the period Z^^^f^^^ diverges as ~ — \/2nlog ^ 




Remarks 
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while Z^j2_^/ and Z^^^j^^ have finite limits. It follows that the soliton with charge 
712 becomes large. Indeed, identifying y^2|u| = where v is the scale of the vev of 
the 4d vacuum, this soliton has a mass ~ ^^^f^, and in the weak coupling limit 5 — s- 
it decouples from the spectrum. By contrast, the solitons with charges 712 + 7 and 
7i2 — 7' remain in the spectrum. Similarly, in (8.51) we find two towers of length 
of solitons with charges 721 + ^(7 + 7') and 712 + ^(7 + 7'), n = I, . . . ,N. These 
too have divergent central charges going like ~ — \/2Mlog^ and hence should be 
viewed as bound states of the hypermultiplet dyons with the surface defect. All of 
these heavy particles should correspond to solitonic field configurations visible in a 
semiclassical analysis of the CP^ sigma model coupled to the weakly coupled SU{2) 
theory. It would be an interesting check to produce these solitons directly. It would 
also be interesting to test directly the predictions w(7n)7i2) = ^(7ni7i2) = 2n + 1. 
In any case, we conclude that the spectrum (8.48) is physically sensible. 

5. As z moves towards the vectormultiplet annulus the product approaches the expres- 
sion 

/ —00 



7l2 + (n+l)7w'^7,'J I ■ '-'712-7' 

nNjOO 
00 

-^7lV'^7i2+7 j (^-7n'57i2-(n+l)7w-) ) "'^712-7' 

, n 00 



.52) 



8.3.4 The soliton spectrum for weak 4d coupling and weak 2d coupling 

When z moves into the vectormultiplet annulus both the 4d and 2d theories are weakly 
coupled. There is an infinite spectrum of 4d hypermultiplets leading to a very intricate 
pattern of marginal stability lines inside the annulus, as we have already mentioned, and in 
addition, experience with the CP^ sigma model in §8.2 suggests that there should also be an 
infinite spectrum of weakly coupled 2d CP^ solitons, in addition to those we have already 
discovered. Indeed, let us return to the limiting expression (8.52). By slightly shifting the 
half-plane we can write an equivalent product, cycling the factor 5^^2-7' the right to its 
anti-particle factor 5^2^+^/ on the left. Then, the product 5.^21 (2;)+7'^7+7"57i2(2)+7 has the 
property that t<j(7 + 7', 721(2) + 7') = and a;(7 + 7', 712 (-2) + 7) = 0, as can be seen by 
computing intersection products. Therefore, we can apply the CP^ wall -crossing formula 
(2.51) to this product to produce a product on the left of the form 



(8.53) 




^'^To prove these statements note that in this limit one turning point approaches 5 = like z ~ — A''/(2u) 
while the other approaches z ~ —2u. The WKB curve for 712 goes to the turning point near the origin, and 
the term y/2u^ dominates the line integral of A. On the other hand for the charges 712 + 7 and 712 — 7' 
the WKB curve goes to the other turning point —2u and the line integral does not diverge. 



- 139- 



where £^(7 + 7', 712 + 7) = 2. Using this one can derive a heuristic formula for the spectrum 
when z hes exactly on the outer boundary of the annulus for the vectormultiplet. Written 
back in the standard half-plane <vk this can be written in several forms, of which two of 
the more suggestive ones are: 

/ \ / -00 \ / -00 

A(<w\Ann) =K,^^ I JJ '^^21+7; ) ' I 11 ('^7i2+(n+i)7w'^7;) 1 " I 11 '^721+7;. 

yn\oo / \n\oo / 

00 

In 




I H '5^2i-7n ) • I H (^-7n'57i2-(n+l)7iv) ) ■ I H '^721 
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Of course these are simply related by using the identity 7_(„_|_i) = —7^. 

The expression (8.54) is slightly unphysical. When z moves into the interior of the 
vectormultiplet annulus it crosses an infinite number of walls, and hence there will be an 
infinite number of wall-crossings applied to (8.54). At any interior point there will be some 
definite ordering of the central charges appearing in (8.54) determining the true expression. 
Indeed, we claim that the possible soliton spectra and chambers in the vectormultiplet 
annulus are precisely those given by the bi-infinite words in the S and /C factors appearing 
in (8.54) subject to the following rules: 

Define 

•A-n = '5^21 +7^, ) 

Cn = '5^i2 + (n+l)7w-' (8.55) 

where n G Z. Then the bi-infinite words are of the form 

■ ■ ■ SKSKS ■ ■ ■ (8.56) 

such that: 



1. The 5-factor between /C^ and /C„_i can be either Am or Cm for some m. 

2. The word therefore determines three sequences of letters of type /C„,, An and C„, 
respectively. The index on all three sequences decreases to the right in steps of 
one. Thus we have three sequences • • • fCn+ilCn An+iAn • • • and • • • C„+iC„ • • • 
interwoven in the pattern (8.56). 

We will give a strong argument for this claim, although we do not insist it is a com- 
pletely rigorous proof. 

Before establishing our claim, let us note that it is nicely consistent with wall-crossing. 
First, when z crosses the closed WKB curves there is no wall-crossing, which is good since 
they foliate the annulus. Indeed every point z lies on one such closed curve and, as noted 
in §8.2, these give the two weakly coupled vacua at the north and south poles of the CP^ 
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sigma model. Next, note that all the other walls in the interior of the annulus are finite 
hypermultiplet walls for 7^ for some n € Z. Note that the sum of charges for An and 
Cm is precisely ^^^^+1- Therefore, when z crosses the wall for j'^^^+i there can be a 
wall-crossing event of type (8.3), involving 



lA-n- 



.57) 



It might not at first appear obvious that a;(7^^„_,_;^, 72i(2;)+7^) = -1 or a;(7^_,_^_,_]^, 712(2) + 
{m+l)'jw) = —1 as is required for (8.3) (which case is realized depends on which side of the 
wall z is on). This can be shown by noting that as z approaches the WKB curve for 7n+m+i 
the phase of the line for 721(2;) +7^ approaches that for j'^^m+i- On the other hand, WKB 
walls with the same value of cannot intersect except at turning points and singularities. 
Therefore, the topology of the WKB curves must be that shown in the universal situation 
illustrated in Figure 14. Equation (8.57) now shows how wall-crossings (possibly infinitely 
many) allow us to pass between any two words of the type (8.56) described above. 





(a) 



Figure 44: In case (a) the corresponding sequence of morphisms is • • -/Cn^mA^n-i • • ■ because 
the slope of the A ray lies between those of the K, rays. In case (b) the corresponding sequence is 

Now, to investigate the chamber structure and establish our claim it is first useful to 
map the annulus to the if-plane. 



w :- 



A, 



.58) 



2+ 



where we integrate from the turning point 2+ nearest to 2 = 0. It will be useful to work with 
an approximate formula for w, valid deep in the weak coupling domain. Let us introduce 
the scaled coordinate 



2\ 2a 



^.59) 



with < 2a < 1. We consider the weak coupling limit where u — t- 00 (or equivalently 
A — 7- 0) with 2 held fixed. In this regime the middle term in the expression (8.33) for 
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dominates the other two and hence we can approximate A ~ \/2n^ and hence w ~ 
^/2ulog z/ z+. After further rescaling the real and imaginary parts of w we can therefore 
take the image of the annulus to be the infinite strip between and 1, with inner turning 
points at iA^ and outer turning points at 1 + iN, A G Z. In u;-coordinates the WKB curves 
are straight lines of slope proportional to i?. The lines of marginal stability are the straight 
lines joining these turning points, and are hence labeled by pairs of integers, (m, n) and 
given by y = (m — n)x + n. After solving a simple Diophantine equation one can show that 
every point in the strip with rational coordinates is at the intersection of two such lines. 
In particular, the walls of marginal stability are dense and the "vertices" of the chambers 
are the points in the strip with rational coordinates. Now, any two points not on a WKB 
wall will be separated by such a wall. (To prove this draw a straight line segment between 
the two points. Choose a point with rational coordinates sufficiently close to that line 
segment. There will be a WKB wall through that point.) Therefore, the "chambers" — 
defined to be the connected components of the complement of the walls — will consist of 
single points. The set of walls is a countable union of sets of measure zero and hence has 
measure zero, and therefore the chambers have positive measure, and therefore there are 
uncountably many chambers. 

Now suppose that a surface defect is at a point zq in the vectormultiplet annulus and 
zq maps to a point wq. The WKB curves for charges associated with An are the straight 
lines going from wq to the turning points iA^ on the inner boundary while the WKB curves 
for charges associated with C„ are the straight lines going from wq to the turning points 
1 + iA on the outer boundary of the annulus. (Note that this way two such lines can glue 
together to give a hypermultiplet WKB curve.) It is now a matter of simple geometry 
to see that wq can lie in one of two different kinds of triangles. In each triangle there is 
exactly one S factor with slope between those of /C„ and /C„_i. In one type of triangle the 
slope between /C„ and ICn-i will be of ^-type and in the other it will be of C-type. See 
Figure 44. 

Remarks 

1. If in Figure 42 z continues down the imaginary axis then there must be an infinite 
number of wall-crossings, ending up at a product analogous to (8.54) for the inner 
ring of the annulus, with A and C exchanged. This is analogous to a phenomenon we 
found at strong coupling, where 2; — )• 1/z had the effect of transforming the soliton 
spectrum by the involution 712 — )• 721 + 7. 

2. Our analysis makes some interesting predictions which would be worth checking with 
weakly coupled semiclassical field theory methods. The region defined by the scaling 
parameter (8.59) defines a regime where the surface defect may be treated as a Gukov- 
Witten defect. This may be justified by using the approximate expression A ^ \/2u^ 
to obtain approximate expressions for ^^^^(z)) when z is in the domain with n — )■ 00 



- 142 - 



and z held fixed. One then finds the IR GW parameter 



'71 ^72 ~ 



da 




outer turning point, 
inner turning point. 



(8.60) 



In a semiclassical analysis one would define a moduli space of "ramified monopoles," 
solutions of the bulk BPS equations in the presence of GW boundary conditions dic- 
tated by (8.60). Semiclassical quantization of this moduli space for various monopole 
charges should reproduce the weak-coupling spectrum described in this section: in 
particular, the spectrum of solitons /-i(7ij) is independent of z but the spectrum of 
^ililij) varies strongly with z, and should grow at most linearly in the charges. 

3. It should be interesting to study the framed BPS states in this example, but we leave 
this for another occasion. 

9. An application: solving Hitchin systems by integral equations 

Finally let us consider an interesting application of our discussion: we can use it to give 
concrete formulas for solutions of Hitchin equations on punctured surfaces C. 

Indeed, as we explained in §7.3, for theories of class S, the 3^7i(C) can be thought of as 
sections of the universal Higgs bundle over 7W x C. Allowing z to vary we obtain ^^^^(C; z), 
a flat section with respect to the connection d + A{C). This follows from comparing (5.43) 
and (7.16). Alternatively, we can use y to define the connection (see below) and then apply 
an argument analogous to that used in Appendix E to determine that the connection so 
defined is the desired one. This flat section is concretely computable using the integral 
equations (5.23), (5.25). The only data one needs to write these equations are the central 
charges and the BPS degeneracies w, 

Suppose we trivialize the ramified cover S — )■ C in a neighborhood of z. Then we can 
label the sheets i = 1,2, and similarly, we can locally trivialize the cover above z' and 
label the sheets i' = 1,2. We can compute the four sections 3^^.., in a neighborhood of 
the points z and z' , using the integral equations (5.23) and (5.25) together with (5.32). 
Any invertible combination of these four sections defines a fundamental solution ^ of the 
flatness equations at z. Then \I'~^dz^' = (p/C + A -\- (^(p gives the solution to the Hitchin 
system, in the form of explicit (p, A, (p valid in a neighborhood of z (with the particular 
solution and gauge depending on a basepoint z'). Different choices of ^ are possible, in 
the form of different linear combinations of the various . They will give different gauge 
choices for the solution. For examples, if z and z' are in a common neighborhood with a 
common trivialization of the double cover, then at least for sufficiently large R, a sum like 



(9.1) 



or alternatively a sum like 



^ = 3^711' + y 



(9.2) 



will serve as fundamental solutions. 
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Again, taking z, z' in some common neighborhood we can also apply the discussion 
around (5.33) of §5.6 where we take the diagonal matrix to be 



(9.3) 



Here z' and its lift to sheet 2' are serving as basepoints. en are matrix units and the sum on 
i = 1, 2 is understood. We can then consider g{C)x(^z^ z') to be a fundamental solution to 
(d^ + A)'^ = 0. It follows that gauge transformation by g{C) diagonalizes the flat spectral 
connection for the Hitchin system, to a diagonal connection 



dz log x^^^,ei 



(9.4) 



We can make this more explicit using (5.23): the connection we obtain is the same as the 
semiflat connection 

(9.5) 



7i2' 



plus the correction 



(9.6) 



The only z-dependence in the expression in square brackets comes from the discontinuities 
in a;(7, 7^; z) due to wall-crossing when z crosses finite WKB curves (see Figure 14 in §7.2). 
These give delta- function singularities localized on these curves. We have argued on general 
grounds that our solution to the Hitchin equations should be smooth, so these singularities 
are expected to cancel against similar discontinuities in (/(C)- However, we have not checked 
this point in detail. 

Because of the simple dependence of the information in the full yah' (C) is rather 
redundant. It is sufficient to expand asymptotically for small so that 



^7,(C)~3^;'(C)exp 



5^^(^'^^^4^/ y(l + 2^ + ---)log(l-3^.(C' 



)) 



and 



(9.7) 



(9.8) 



The leading order for gi and the leading order for x^. is sufficient to derive the ex- 
pression for 99. The next to leading order in is required to derive A. Then (p can be 
obtained simply by complex conjugation, or from a large C, expansion. 



10. Future directions 

In conclusion, we list here some directions for future research which be believe might be 
fruitful. 

1. The exercise of §7 appears to require genuinely new techniques for higher rank groups. 
We are currently exploring this question. 
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2. Our construction produces examples of hyper holomorphic bundles over moduli spaces 
Ai of Higgs bundles. Such hyperholomorphic bundles fit naturally into the approach 
of [72] to the geometric Langlands correspondence: they are examples of "(-B, B, B) 
branes" in that context. The sections Ui which entered our construction as part of 
the 2d-4d data define a complex Lagrangian multi-section of the dual moduli space 
A^, i.e. a "(S, A, A) brane." These two branes are related by mirror symmetry, 
i.e. Langlands duality. In this paper we have obtained a more explicit picture of the 
geometry of these {B, B, B) branes than previously known. It is natural to wonder 
whether this picture can be of any use in the geometric Langlands correspondence. 

3. In §6.1.7 we encountered, but did not really address, the question of systematically 
describing the structure of our hyperholomorphic bundles near orbifold singularities 
of M . Via mirror symmetry this seems to be related to the same question for branes 
supported on complex Lagrangian sections of M which run into singularities. For 
branes supported on a single singular fiber of the Hitchin fibration, the relevant 
extra structure has been discussed in [57]; it would be desirable to have a discussion 
analogous to that of [57] which applies to the branes we met here. 

4. In §4 we sketched a 2d-4d spin wall-crossing formula. However, some work remains 
to be done in connecting this formula to the physical halo picture in the case when 
y ^ —1. For example, we have left out the details of how to relate the wall-crossing 
data d{i, s) etc. to the physical halo particle degeneracies. 

5. It would be interesting to generalize one of the main results of [3] from line defects 
to surface defects. In [3] it was shown that the formal generating functions for line 
defects F{L) = il(-^C> 2/) 7)^7 satisfy an algebra which is a quantum deformation 
of the algebra of holomorphic functions on J\A'^ . This algebra can be interpreted 
as the algebra Obb of open BB strings of the canonical coisotropic brane on 

a certain type of A-brane. Now, in the present paper we have defined F{L) = 
X^-y . ^l{I^^lij)^-fij- The algebra of these functions can be identified with the algebra 
of holomorphic sections of IIom(V§,Vs), which is the algebra of open string states 
on a i?-brane whose Chan-Paton bundle is V§. As in §4 we can introduce a y- 
deformation F{L) = '}Z^^.QL{L,^ij,y)X^^. to produce a y-dependent deformation of 
the noncommutative — but "classical" — algebra F (Hom(V§, 1^)). It is natural to 
conjecture that this y-deformed algebra is related to the open string algebra Ob^,b^ 
where B^ is a higher rank generalization of the canonical coisotropic brane, (an A- 
brane), which should, moreover have a natural hyperholomorphic connection. (Higher 
rank coisotropic branes have been investigated in [73].) 

6. Recently, Witten has introduced an approach to knot homology based on the Hilbert 
space associated to surface defects in six-dimensional (2,0) theory [74]. It is natural 
to ask whether the considerations of this paper can play a role in this approach 
to knot homology. Let us consider a theory in the class S on X C. Let us 
label coordinates x^'^'"^'^ G and z £ C. Consider a knot K C x C described 
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by an equation z = z(x^). With a suitable topological twisting we can consider 
the surface defect Sz at = = with worldsheet coordinates and x^, with 
parameter z = z{x^) varying along x^. Imagine that z{x^) is generically constant, 
but has rapid transitions — like a soliton. Then we can consider the surface defect 
to have several interfaces. More generally, one could consider a surface defect with 
various kinds of interfaces and Janus defects. It would appear that one would need to 
generalize surface defect amplitudes to amplitudes corresponding to several surface 
defects located at (zi, . . . , Zn). Naively, these correspond to having several M2-branes 
end on the M5-brane. It would be interesting to generalize the notion of framed BPS 
states to such situations. If this can be done it would then be natural to ask if the 
spaces of framed BPS states associated to this setup are related to knot homologies. 
As a first step one would want to relate the g-grading of knot homology to the y- 
grading of spaces of framed BPS states. 

7. It might be interesting to apply some of our techniques to the study of branes in 
Landau-Ginzburg models, a subject which has been extensively discussed in [75]. 
Indeed it was noted at the very end of [17] that the period amplitudes 11" of [75] 
should be related to supersymmetric interface amplitudes between a surface defect 
and the null surface defect. This in turn might shed further shed light on the quantum 
McKay correspondence [76, 77, 78]. 

8. The integral equations of [1] for the are formally similar to the thermodynamic 
Bethe ansatz. The new integral equations introduced in §5.6 are very similar to those 
used in the inverse scattering method of integrable systems theory [79, 80]. The x^.. 
are analogous to scattering data, and the gk are used to solve the associated linear 
problem. In some special cases the link can be made much more explicit. For example, 
in a recent paper S. Lukyanov and A. Zamolodchikov [81] studied the modified sinh- 
Gordon equation. This intersects with the Hitchin systems for AD theories for special 
values of the parameter a of [81]. Equation (5.15) of [81] is related to our proposal 
for solving the auxiliary linear problem. It would be useful to sharpen this relation 
and see whether there is room for any interesting technology transfer between the 
theory of integrable systems and the theory of defects in supersymmetric Yang-Mills 
theory. 

9. Recently the methods of [1, 2] have found some surprising applications to scattering 
in = 4 super Yang-Mills theory [82, 83, 84, 85]. We believe that applying the 
techniques of this paper to that situation should allow one to study the shape of the 
minimal surfaces in AdS^ whose area computes the amplitudes. Information about 
the shape of the surface can be useful in computing mixed correlation functions 
of a polygonal Wilson loop and local operators in the strong coupling limit: they 
should correspond to the integral over the surface of an appropriate bulk-to-boundary 
propagator. 

10. Another physical context in which this structure appears is in A/" = 2 supergravity. 
Surface defects are replaced by cosmic strings and dyons are replaced by dyonic 



- 146 - 



black holes [86, 87]. Perhaps the 2d-4d wall-crossing formula can be useful in this 
context. Related to this, we can make surface defects by wrapping D-branes on 
Calabi-Yau manifolds. For example, in Type IIA string theory we can consider D4- 
branes wrapping supersymmetric 3-cycles in a Calabi-Yau manifold. It should be very 
interesting to apply the present formalism to these surface defects and we intend to 
return to this subject in the future. 

11. Finally, the 2d-4d BPS degeneracies we have described in this paper should pre- 
sumably be identified mathematically as the "open" analogue of Donaldson-Thomas 
invariants. It would be very interesting to develop this theory. (Some investigation 
of such open invariants has been carried out in [88, 89].) 
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A. Relation of 2d and 4d superalgebras and their multiplets 

The preserved supersymmetries of our surface defect are part of a subalgebra of the M = 2, 
d = 4 superalgebra which can be seen to be isomorphic to a = 2, (2,2) superalgebra by 
mapping 

Q+ = Q2 = -Q21 Q+ = Q22 (A.i) 

Q_ = Oil 0- = Qi = Q12 (A.2) 
One can then check using the d = 4 M = 2 algebra relations that 

{Q+,Q+} = -2{Po + P3) 
Ql = Ql = o 
{Q_,Q_} = -2(Po-i^3) 

Ql = Ql = (A.3) 
{Q+,g_} = {Q+,0-} = 
{Q+,Q_} = -2Z 
{Q+,Q^} = -2Z 
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The u{l)v symmetry of (2, 2) is identified with the action of the generator of so(2)i2 (which 
equals that of u{l)r acting on the supercharges) and the u{1)a symmetry is identified with 
u{1)r. 

An important point is that one does not need to set Pi = P2 = when deriving (A. 3). 
Therefore the field multiplets of d = 4, A/" = 2 decompose as multiplets of d = 2 (2, 2) 
supersymmetry without putting any conditions such are normally employed in dimensional 
reduction. In particular, with the above identification, the four-dimensional fields in a 
vectormultiplet can be assembled as 



i\/2??+V'2i - i\/2 i}-ipi2 + i9+i9-(i^03 - i(i^i2 - Du)) (A.4) 



to produce a twisted chiral multiplet with values in the adjoint representation of some 
gauged Lie algebra g. The remaining degrees of freedom in the 4d vectormultiplet decom- 
pose in an infinite tower of "semi-chiral (2,2) multiplets" in the language of [90, 91, 92]. 

With a surface defect we may restrict the four-dimensional field (A.4) to the surface to 
produce a twisted chiral multiplet on the worldsheet of the surface defect. The associated 
vectormultiplet can be used to gauge a flavor g-symmetry of a (2, 2) quantum field theory. 
In particular the adjoint scalar if plays the role of a twisted mass parameter. 

The full supersymmetric expression for the twisted superpotential contribution to the 
action is 

(A.5) 



exp 



The variation of the holomorphic term is exactly zero under two supersymmetries and 
and under the other two varies into total derivatives 

~ j dx^dx\d^ ± 53) {^^C) ■ (A-6) 

Therefore, when placed on a half-space x'' < the supersymmetric variation can be can- 
celled by a line defect of the form (5.17). 

Finally, let us comment on the BPS representations and the definition of the index 
//(7jj). In our conventions, in a massive representation the little superalgebra is diagonal- 
ized by the combinations 

{Q+ + e'PQ^,Q+ + e~'PQ^} = A{E-\Z\), 
{Q+-e'PQ-,Q+-e-'PQ-} = A{E + \Z\), 

with all other anticommutators vanishing for e'^Z = \Z\. Therefore, short multiplets when 
E = \Z\ are spanned by the doublet |s) and ((5+ — e~'^''Q-)\s) , where the Clifford vacuum 
is defined by 

(Q+ + e'PQ^)\s) = (Q+ + e~'PQ^)\s) = {Q+ - e'PQ^)\.s) = 0. (A.8) 

Note that to define the index of [20]^^ we must take F to be the u{l)v symmetry. That 
is, it must satisfy [F, Q+J = and [F, Q^] = Q^. Note that this leaves F ambiguous by 

^^A related "new supersymmetric index" was defined earfier in [18]. The relation of this index to the 
index /j. is roughly analogous to the relation between the hyperkahler metric on M and the indices Q in [1] . 
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a shift by any operator commuting with the entire superalgebra. The contribution of the 
short representation to the index Tv Fe^'"^ is 

(/-(/- l))e'-^ = e-^ (A.9) 

We may take this short multiplet, denoted h, to represent the center of mass degree of 
freedom in the sohton multiplet. Factoring this out in a BPS representation space so that 

<^^ = /.0?i^^f (A.IO) 

we may write 

/i(7i,) :=TV^sPse'-^ (A.ll) 
B. A simple Hitchin system 

We consider a rank 2 Hitchin system on CP"*^ with a single irregular singularity at z = oo. 
This singularity is invariantly characterized by the statement that Trc^^ has a fifth-order 
pole there. Since Trcp'^ is regular everywhere else, this actually fixes it (up to shifts of z 
and overall rescaling): 

Tvip'^ = 2z {dzf . (B.l) 

The precise boundary condition is given by specifying the form of (A, ip) near the singu- 
larity; it is given in §3 of [3], but we will not need it. What we do need to know is that 
there is a unique solution obeying this boundary condition. In this appendix we briefly 
summarize some facts about this solution. See §9.4.1 of [3] for its explicit form. 

We consider the corresponding flat connection V(C) given by (7.15). For any fixed 
the asymptotics of the flat sections of V(C) exhibit Stokes phenomena as z — )■ oo, with 
three anti-Stokes rays r^, a = 1, 2, 3 cyclically. The are located at z for which ^z^/^ G M 
(this condition makes sense even though z^/^ is defined only up to sign). There are three 
"small flat sections" Sa{C,z) defined up to scalar multiple by the condition that Sa decays 
(exponentially fast) as z — )■ oo along r^, indeed Sa ~ exp — ^1^^^ , where "za''^" means 

the choice of z^/^ making the exponent negative along r^. This requirement implies that Sa 
is not a scalar multiple of Sa+i, so we can normalize the sections by the requirement that 
{sa, Sa+i) = 1 where (, ) denotes an 5'C/(2)-invariant antisymmetric inner product. This 
normalization fixes the Sa up to an overall sign, and implies that Sa = 0. The Sa are not 
quite single-valued as functions of ^ G C^: rather, varying — )• e'^'^X permutes the three 
anti-Stokes rays, and gives Sa{e'^'^X) = ~'Sa+i(C)-^^ On the other hand they are perfectly 
analytic in z for fixed C. 

Now fix a point z and a single root z^/^. From the Sa just discussed, we can assemble 
two single- valued but piecewise-continuous sections 3^±(C) which have uniform asymptotics 
as C 0: 



e±, (B.2) 



From what we have explained so far, one can see easily that s„(e^'''C) = ±Sa+i(<;:). The sign is subtler 
to determine. 
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where e± are ^-independent. 

We have to take a httle care since Sa are multivalued as functions of Fixing a branch 
choice is equivalent to fixing a labeling of the three anti-Stokes rays for every First, for 
C G z^/^R+, one of the three anti-Stokes rays actually contains the point z; label this one 
ri, and then label the other two r2, going around counterclockwise. We then vary this 
picture continuously with ^, until we reach ( G z^/^M_, where we put a branch cut in the 
C-plane. Having chosen this labeling we now have Sa{C) well defined and single- valued. 

We now take {y+,y-) = (53, si) in the half-plane Im^z^/^ > and (3^+, 3^-) = 
(—52, si) in the half-plane Im^z^/^ < 0. This gives two piecewise-continuous sections y± 
which have the desired asymptotics as ^ — )• 0. What are their discontinuities? As C crosses 
the ray ^z^^"^ G M+, the relation —S2 = si + S3 gives 

y^^y-, y+^y+ + y^, (b.3) 

while as C crosses ^z^^^ G M_, using —S3 = si — (— S2) cLnd taking account of the disconti- 
nuities of the Si themselves across this cut gives 

3^+ ^3^+, 3^- ^3^- -3^+. (B.4) 

According to the Riemann-Hilbert correspondence, 3'±(2:,C) (with z fixed and C vary- 
ing) are discontinuous flat sections for some connection in a rank-2 bundle over CP^, with 
irregular singularities at = and = 00 (and regular everywhere else.) The equations 
(B.3), (B.4) give the Stokes factors for this connection, at either irregular singularity, as 

C. Two-dimensional bound state radius in Landau-Ginzburg theories 

In this appendix we give a quantitative lower bound for how the "bound state radius" of a 
soliton in a Landau-Ginzburg theory diverges when three critical points become collinear. 

If we take, for simplicity, a trivial Kahler metric -fCo/? = 6a, 13 then the soliton equation 
for an (zj)-soliton is 

^-C-^ (CI) 
where W{(p) is the superpotential, the boundary condition is determined by critical points 

lim (j){x) = (pi 
lim (j){x) = (pj 

and (ji = is determined by the corresponding critical values. Here and below 

W{i) := WicPi), etc. 

We can derive immediately 



dW 
dx 



Cji 



dW 



2 



(C.3) 
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so the image of the sohton in the VF-plane is a straight hne of slope ("ji- Near each critical 
point — assumed to be Morse — a quadratic approximation to W applies and the solution 
approaches the critical point with a decaying exponential. Therefore, we expect a rapid 
transition region from (p ^ (pi to (J) ^ (pj . This can be estimated from (C.3) to be 



where in the denominator we use some typical intermediate value from the transition region. 
The soliton does not have a well-defined center, but it should be located within a region of 
size (C.4). 

Now consider a situation where there are at least three critical points (pi , (pj , (pk and the 
parameters of W are changed so that the critical values W{i),W{j),W{k) are becoming 
collinear. We assume moreover that there are ij and jk solitons. As the critical values 
become collinear (and we approach the wall of marginal stability from a "stable" region) 
some of the ik solitons can be viewed as bound states of ij and jk solitons. We would 
like to estimate how the "bound state radius" of these bound states diverges as the critical 
values become collinear. 

Along the x-axis an ik soliton of the bound state type will first have a rapid transition 
from (p (pi to (p ^ (pj and then will stay close to (p ^ (pj for a long interval L and then 
transition rapidly from (p ^ (pj to (p ^ (pk- The width of the two transition regions can 
be estimated using (C.4) above, and if they are much smaller than L, we can speak of an 
approximate bound state radius. 

We can put a lower bound on the bound state radius as follows. Only the real part of 
flows — the imaginary part is flxed. In order to get a lower bound on the distance in 
space corresponding to a part of the soliton trajectory in the W plane which passes close 
to the turning point j we can use a quadratic approximation, and integrate the equation 
in the finite VF-plane region of the flow where the quadratic approximation is valid. 

As a simple example capturing the spirit of the problem, consider a one-dimensional 
situation, with critical point (pj at the origin and critical value W{j) = 0: 



Then we can measure how close the flow is to the critical point by the small value e of the 
imaginary part of Let us denote the real part of y" as t. Notice that 




(C.4) 



W = -C(p^ + ■■■ 



(C.5) 




(C.6) 



So the distance in real space L is bounded below by 




(C.7) 
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where tQ,ti are some fixed values far from the transition regions of the ij and jk soHtons. 
The integral (C.7) diverges logarithmically as e — t- 0: 

' log^ (C.8) 



to 



2\C\VW+^ Id 



If we consider the triangle formed by Zi , Zj , Z^ and let e be the height of the perpendicular 
from Zj to the segment [Zi, Zk], then e = Im(Zjj|^^), so we can write the result more 
invariantly as 

L ^ ^ log ( l'^**^! j 

~ A \lm{ZijZik) J 

where A is a nonuniversal number. The argument of the logarithm is essentially the same 
quantity that arises in Denef's bound state radius formula for 4dimensional bound state 
radii. 

If the field space is of higher dimension, the above estimate can be given as it is as long 
as is bounded from above by |C||V7| for some constant C near the critical point. 

This is trivially true as long as the critical point is non-degenerate. 

Thus, one can give a halo-type description to the decay of 1 + 1 dimensional solitons, 
but the bound state radius formula is not as precise as in the four-dimensional case. The 
reason is that the physics responsible for the bound state is rather different, and does not 
involve the exchange of massless particles. 

D. Physical models for the afRne linearity of ci;(7,7i) 

The change of the number of chiral multiplets on the surface defect discussed in §3.5 is a 
rather novel phenomenon. In this appendix we offer some physical models for understanding 
why it happens. 

D.l A supersymmetric quantum mechanics model 

As a warmup, we consider the following model problem. Let us thicken the solenoid so 
that it carries uniform magnetic flux i? in a disk of radius R around the origin. We search 
for the ground states of a supersymmetric quantum mechanical charged particle in the 
complex plane coupled to this magnetic field. We can choose a gauge 



\B{zdz-zdz) \z\ < R 



The wavefunctions lie in r2'^'*(C) and the supersymmetry operators are identified with 
B + A: 170'0(C) ^ SlO'i(C) and {d + A)^ : n^''^{C) [^"'^(C). For S > we find that the 
normalizable zero-energy wavefunctions in Q,^''^ have the form 

f/(z)e-5^l^l' \z\<R ^ ^ 

\(^)-Bi?V2e-|i^fiV(^) \z\>R 



- 152 - 



where f{z) is an entire function. The total wavefunction is then only normalizable if f{z) 
is a polynomial of degree n with n < BE? — 1. There are no normalizable zero-energy 
states in il*^'^. The situation is reversed for B < with normalizable wavefunctions in O'''^ 
governed by a polynomial g{z) of degree n < — 1 and no normalizable wavefunctions 

of type il.^'^. One important point brought out by this example is that the number of 
states depends linearly on the flux through the solenoid, not just the holonomy around the 
solenoid. 



D.2 Probe particle in the presence of a solenoid and dyon 

In this section we analyze the quantum mechanics of a halo particle near a dyon interface 
in a solenoid in order to determine the structure of the one-particle Hilbert space which 
generates the halo Fock space, as used in §4.7.2. 

We model the surface defect with interface as in §4.7.2 as a solenoid with a dyon 
of charge jiji € Tij/ inside. One can write the fixed point equations for the preserved 
supersymmetries. A solution is provided by the attractor-like equations 

21m{C-^Z{j,u{r)) = + 21m{C^ Z{-t,u)). (D.3) 

r 

In the self-dual formalism the gauge potential is 

■^=\(^- cos 9d^ ® - ^ Hlij')^ , (D.4) 

where a projection of 7jj/ to Tg is understood and / is the complex structure on (8) M 
at u £ B. As in the Denef halo solutions (for details in this situation see [3], Appendix C 
or [49] ) , a test particle of charge is bound at a radius given by the same formula in the 
absence of the surface defect. (After all, outside the solenoid, the electromagnetic fields 
are zero, and hence the probing dyon feels no extra force from the solenoid. ) 

The effective Minkowski-signature Lagrangian of a halo particle in the probe approxi- 
mation, confined to the bound state radius, is of the form 



/ 



^fir^isii? e<j)'^ + 9^)- I (ki cos 9 + i4^^^)<P- (D.6) 



^Hr^isii? 94>'^ + 9^)- I (ki cos9 + Kf*)(j) (D.5) 

or 

Here 9, (j) are angular coordinates centered on the dyon. The "left" half of the surface 
defect is ^ = and the "right" half is 9 = n. The first Lagrangian applies for < ^ < vr 
and the second for < 9 < n. The two Lagrangians define a smooth quantum measure for 
Kg*^^* — K2^^^ G Moreover, k,]^^^ and ^2^^* can be shifted by integers. 

The Aharonov-Bohm phase of the probe particle of charge 7'' around a small circle far 
to the left is exp[27ri(7'*, 7^?)] while that far to the right is exp[27ri(7'^, 7^,)]. Shifting K2 by 
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appropriate integers we may take the solution 



left 
1^2 



^right 



^((7^7° + ^'-7'=)), 



(D.7) 



Note that 



4^'*-4''* = -(7',7'=). (D.8) 
Now let us analyze the ground state wavefunctions of the quantum particle with La- 
grangian 



2/ ■ 2 

/ir (sm 



'ki cos + K,2)4>- 



Such wavefunctions are of the form 

^ = e'"^<^(l + cos0)'^(l-cose)^ 



(D.9) 
(D.IO) 



where 2m G Z, with 2m even or odd according to whether the particle is a boson or a 
fermion. The values of a, b are 



sign(Ki) , 
a = z (^1 — m ), 



sign(Ki) , 
= z (ki + m ). 



(D.U) 



2 ' 2 
with m' = m + K2. If we require that the wavefunction be nonsingular everywhere on the 
sphere, so that a > and 6 > 0, then m' must lie in the interval 

>m'> -\ki\ (D-12) 

The energy is E = 

Let Nk^^k2 denote the number of solutions of the inequality (D.12). In the case where 
Ki and K2 are not half-integers and ki > its value is given by 





{ki} < 1 - {ks} 


{ki} > 1-{k2} 


> {k2} 


2[ki] + 1 


2[ki] + 2 


{ki} < {k2} 


2M 


2[ki] + 1 



(D.13) 



where x = [x] + {x} is the decomposition of a real number into its greatest integer and 
fractional parts. 

In a chamber where there are no 2d bound states of charge or 7^*,^., we can identify 



w(7^7^i') :=N,„.Ml'')- 



(D.U) 



Note that shifting jiji — ?• 7jj/ + A7'^ leads to a shift in N^^^f^^ reproducing the affine-linearity 
of u;(7^',7ijv)- 

As an aside, we note the curious point that if we had only demanded that the wavefunc- 
tions be L^-normalizable with respect to the measure d(cos0)d(^, then for generic values 
of and {^2} the ground state would in fact be only two-fold degenerate with ground 
state energy smaller than and with the two eigenstates having diverging wavefunctions 
at the north and south poles, respectively. 
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E. Twistor construction of hyperholomorphic connections 



In this appendix we explain how to construct the hyperholomorphic connection A on the 
bundle V over A4, from the sections y^- of V over Ai x . The construction is local 
along Ai, but global along C^. It seems to be a close cousin to the construction of 
self-dual Yang-Mills fields [93] and more generally of hyperholomorphic connections from 
holomorphic vector bundles over twistor space, although we will not use those constructions 
explicitly. 

Our construction depends crucially on the analytic properties of y^^ as a function of 
C e at a fixed point of M: 

• y^. is piecewise holomorphic in ^, with discontinuities only at the BPS rays; 

• The jumps of y^- across BPS rays are of the form y^^ — )• '^i^^^^y^ ^iinkyik-i with 
c-y.^^j. constants; 

• The limit of 3^7,(3^^^)""'^ as C — >■ is finite and smooth; 

• Finally, to normalize the sections we put a reality condition on y^^ by demanding 
that in the Hermitian metric h on V , defined by the unitary framing of §5.2.2, we 
have the unitarity constraints described in equations (5.35), et. seq. in §5.6. 

The first three properties are consequences of the integral equations (5.23), (5.25). 
Together with the unitarity constraints all four properties determine the sections uniquely. 

The first step in constructing the hyperholomorphic connection on V is to pass from 
these properties of the y^^ to a system of "Cauchy-Riemann" equations for sections of V . 
We first recall that the Cauchy-Riemann equations for ordinary functions on Ai can be 
written in the form [1] 

^y = ^u{oy, (E.i) 
^y = Au{oy, (E.2) 

where Au (C) and Au (C) a^'^ two complex vertical vector fields on the torus fibers, depending 
holomorphically on (" E .^^ In particular, these equations hold for the functions y = y^. 
One can describe the C, dependence of these vector fields more precisely: they are of the 
form 

A(C) = (E.3) 
^,(C)=4°^ + C4'\ (E.4) 

where are linearly independent at every point, and similarly A^^\ This form of the 

Cauchy-Riemann equations is one of the main ingredients in the twistorial construction of 
the hyperkahler metric g. 

^^Of course B can have dimension larger than one, so we should understand u to stand for coordinates 
m"", m = 1, . . . , dimS, with the index suppressed. 
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Now choose a local trivialization of y, so that the y^. are represented as vector- valued 
functions. Also choose a single 7^ G Tj for each j. The 3^ are linearly independent 
vectors, at least for R large enough. We can thus define matrix- valued functions Bu{C,)-, 
Bu (C) oil by requiring 

^y^, = An (C)\o + Bu {Qy^o , (E.5) 

^y-yO = An (C)\o + Bu iOyyO , (E.6) 

for all j. Here each A term is a vector field on Ai which acts by differentiation, but is 
proportional to the identity matrix as an endomorphism of V, while each B term is a matrix- 
valued function on Ai. It is straightforward to see that the B terms are continuous functions 

of C despite the fact that 3^ are not, and moreover that the B terms are independent of 

'j 

our choice of 7^. So (E.5), (E.6) can be thought of as Cauchy-Riemann equations defining 
a holomorphic structure d^^^ on V. 

We want to show that the (" dependence of B has the same form as that of A, i.e. that 
we can decompose 

e„(C) = , (E.7) 

B^(C) = ef + C4'^ (E.8) 

For this purpose we first consider the semiflat version of (E.5) and (E.6). In that setting 
we have [1] 



^(o),sf = o, 4°^''' = 0, (E.IO) 



and a direct computation using (5.13) then shows that (E.5), (E.6) are satisfied if we take 
y = y^^ and B to have the form (E.7) where Bu ^'^'^^ is diagonal with jj^^ matrix element 
given by: 

01-'-).,-^;"^. (E.n) 



5« V " Jjj du 
40),sf ^ ^(_o),sf ^ 0. (E.12) 

Here to write a definite formula we needed a trivialization of V, and we picked the one 
determined by the local sections 7^ of Fj ; a ^-independent change of trivialization would 
affect the detailed form of B but not the general structure of its ( dependence. 

Away from the semiflat approximation, to see that B still has the desired form, we use 
our asymptotic condition on 3^ 0. An efficient way to get the result is as follows. For any 
fixed u, we can consider the torus AAu 

as the locus of real values of 9^, sitting inside its 
complexification where 9-y are allowed to be arbitrary. The functions 3^^^ have natural 
continuations to this complexification. Then we can define a map T(C) : A4u — >• -Mu by 
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requiring = o T. The asymptotics of 3^^ [1] say that T((^) is finite in the limit 
^ — >• or — 7- oo. Our asymptotic condition on y o above just says that the natural 
extension of T((^) to a map of bundles is also finite as C — ^ 0,oo. In particular we have 
= T {Q* B^^ {Q) , so we get the desired form for i3, with B^~^^ and B^^^ given by the 
puUbacks of their semifiat values (E.ll), (E.12). 

Now we are ready to define the unitary connection A. We will engineer A so that (E.5) 
and (E.6) say 

[(d + A)Vo](0'^)c =0. (E.13) 

'i 

In other words, (E.5) and (E.6) are the C-dependent Cauchy-Riemann equations for sections 
of a hyperholomorphic bundle. The equivalence between (E.5), (E.6) and (E.13) means 

a{A^'^))=BI^\ (E.14) 
A{-du+A^^)=B^^\ (E.15) 
A(-d^+Af)=Bf, (E.16) 



^(4'^) =B'i\ (E.17) 



These requirements uniquely define A. 
Note that 



1. Applying this procedure in the semifiat case, i.e. using (E.9)-(E.12), we quickly 
recover ^4*^^ given in (5.4). 

2. It would have been impossible to construct an A with the desired property if B had 
contained, say, a term. 

3. The transformations of 3^^- across the BPS walls Wa involve multiplication by holo- 
morphic quantities and do not lead to discontinuities in A. 

4. Our reality conditions show that 

A^ = -A (E.18) 
i.e. d + ^ is a unitary connection with respect to the metric h in V . 

5. Following the discussion in [1] we expect that the sections y^^ also satisfy interesting 
equations in R and C, expressing anomalous Ward identities. We leave a full discussion 
of this for another occasion. 



F. , in Ai theories 

In this appendix we give a precise definition of the sections 3^7-^, in Ai theories. The main 
point of this discussion is to check carefully the sign a appearing in the multiplicative law, 
and to see that the discontinuities of 3^^ , are as expected. 
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F.l Defining y 

We choose (u,C) generic (not on any BPS wall), and also choose the edges of the WKB 
triangulation so that z does not lie on any edge. Let Zi and zj denote the two preimages 
of z on S. 

Recall from [2] that given an edge E oi a quadrilateral Qe the WKB triangulation, 
we defined to be the odd sum of lifts of a path in Qe connecting the two turning points. 
Its overall orientation is fixed by requiring {■je,E) = 1, where E denotes either of the 
lifts of to S, with its standard WKB orientation (we will use this orientation several 
times below.) Then with vertices 1234 going around Qe counterclockwise, and using the 
shorthand ab for A s^, we defined 

12 34 
23 41' 

More general were defined using the rule 



y.E = -^lE = (F.l) 



= (-l)<^'^'>3^73^y. (F.2) 

Now let 5 denote the "sector" where z sits (a triangle bounded by an edge of the WKB 
triangulation and two separating WKB curves; two vertices of this triangle are vertices of 
the WKB triangulation, while the third is a turning point.) Let 7ij,s' denote a path from 
Zi to Zj, obtained as the odd sum of lifts of a path from zi to the turning point on the 
boundary of S. Also let 

Si,s = Sa{hc) (F.3) 

where a is the vertex reached by flowing along a lifted WKB curve from Zj, and vertices 
abc go around the triangle counterclockwise. Similarly define Sj^s- 

Define y^-^ g to be an endomorphism of the fiber over z of our rank-2 bundle, which 
maps Si^s ^ and Sj^s ^ ^i,sSi,Si where Vi^s = +1 if the lifted WKB curve through Zi 
goes around the triangle counterclockwise, and Ui^s = ~1 if it goes around clockwise. For 
more general ■jij we define y^y^. using the rule 

where a is the "canonical quadratic refinement" of [2]. 

Let ^iifl denote the element in Ta corresponding to E F. Define y^.^ ^ to be the 
endomorphism which maps Si i— )■ Sj and Sj i— )• 0. For more general we use the rule 

3^7,.o+7= 3^73^7^,0 ■ (F.5) 

The fact that a is indeed a quadratic refinement implies that the product we have 
defined is associative. 

F.2 Multiplication laws 

Directly from the definitions we have the relation 

3^.„s3^.s = -3^.,o- (F.6) 
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(The minus sign comes from the fact that i'i^s^j,S = 
Multiplying both sides by general this becomes 

i.e. 

Multiplying in another gives 

f^(7')3^7.,,S+7^7,,,S+7' = -f^(7)3^7'3^7«,0+7' (^-9) 

i.e. 

:^'7...S+7:>'7..S+7' = -^(7)^(7')(-l)^^'^'^3^7.,0+7+7'' (F-10) 

which is 

3^7..3^7.. = + 7.-.)3^7..+7..- (F-11) 

Finally, multiplying (F.5) by y^ gives 

3^7'3^7,.o+7=3^7'3^73^7..0, (F-12) 

i.e. 

3^7'3^7.,0+7 = (-l)^^'^'^3^7'+7+7..0> (F.13) 

i.e. (writing 'ju = ^nfi + 7 and then relabeling 7' — )• 7) 

3^73^7. = (-l)<^"'^^3^7+7,. (F.14) 

where in writing (7^,7) we use the isomorphism Tji ~ F. 

The equtaions (F.2), (F.4), (F.ll), (F.14) give the definition of the a appearing in the 
multiplicative law for y: 

a(7,7') = (-l)^^'^'\ (F.15) 

a(7,7ii) = (-l)<^'^"\ (F.16) 

a(7,7i,) = ^(7), (F.17) 

(^ilij^lji) = -o"(7ij + Iji)- (F.18) 

F.3 Morphism: crossing a separating WKB curve 

Now suppose we displace from z in sector S clockwise to z' in sector S", while remaining 
in the same triangle. In what follows we drop the subscript S, and for quantities which 
should have subscript «S" we just put a prime on top. We are free to choose i to be the 
sheet with i/j = 1, i.e. the WKB curves passing through Zi go around counterclockwise. 
Then f ■ = -1. 

Number the vertices of the triangle so that the WKB curve through Zj runs from vertex 
1 to 2. We have 

3^7..(«.) = 0, y^,^isj) = Si (F.19) 
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I.e. 

31 

and also 
i.e. 

3^7.,:(S1)=0, 3^7..(^2) = -Sl-. 

Then the WKB curve through z'- runs from 1 to 3, and we have 

i.e. 

3^;.(«3) = 0, y^Jsr) = -ss^^. 

Using the identity 

(12)s3 + (23)si + (31)s2 = 



this becomes 



I.e. 



I.e. 



which means 



or finally, 



3^;^((23).i + [31)82) = 0, y^js,) = (^.1 + ^.2) 



3^;^,((23)si + (31)^2) = 0, y^Js,) = si + ^S2, 

^7.. (^2) = ~Si - S2, 3^;/si) = Si + ^S2, 



We also have 



I.e. 



3^;. = (l-3^7.J3^7.(l + 3^7.J- 

93 

Using (F.25) again this is 

23 

3^;.(«i) = o, 3^;,(^2) = -si^, 

i.e. 

which is also 

3^;. = (1-3^7.J3^7..(1 + 3^7.J- 
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So in summary we have the expected transformation law 



y = s!;=^y. (fm) 

Note 7jj is the path from zj to Zi through the turning point — in particular, when C, sits 
exactly on the BPS ray 7jj can be represented by a lifted WKB path, with the opposite 
of the WKB orientation as expected (since Z^_^JC, € ]R_.) 

F.4 Morphism: crossing an edge 

We can also displace z across an edge E to z' in a neighboring triangle. We keep the labeling 
as above, so E is the 12 edge, and let the other vertex of the neighboring triangle be 4 (so 142 
go around counterclockwise). Then going around the quadrilateral Qe counterclockwise 
we have 1423, i.e. 

<-) 

We also have 

, 14 , 42 , , , 

= SiTJTj Sj=Sj — , V = —V (F.38) 



which says 

y:,,^ = -y^^y,,, = , = -y^^y^n = ^-7^+7.. • (f.39) 

But indeed 7-^- = 7ij + and 7^^ = 7jj - 7_b so this just says 

y = y (F.40) 

as it should since crossing an edge does not correspond to any BPS ray. 
F.5 Morphism: flips and juggles 

If the triangulation undergoes a flip or a juggle somewhere far away from z, then y^.. g is 
unaffected. Together with the multiplication laws and the known action of flips and juggles 
on y^ from [2], we believe this is enough to show that the action of flips and juggles on y 
is by K.^ as it should be. 



G. A review: hidden flavor symmetries in 3d Coulomb branches 

Consider some three-dimensional field theory which admits an effective low energy descrip- 
tion as a non- linear sigma model on a smooth moduli space of vacua A^. (In this Appendix, 
is a general target space, not necessarily the space (1-2).) Flavor symmetries of the 
UV theory which are spontaneously broken by the vacuum are realized as isometrics of 
. Flavor symmetries of the UV theory which are unbroken at all points of A4 might still 
manifest themselves in the IR description, but in a more subtle way. 

Let if : M^'^ — t- A4 and consider a closed 2-form b on A4. The pullback of 5 is a closed 
2-form in the 3d spacetime, hence at least classically a conserved current: 

J = ^*b. (G.l) 
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Notice that two closed 2-forms which differ by an exact form give rise to currents which 
differ by an "improvement" term, and measure the same conserved charges. Thus, the 
sigma model has an abelian group of global symmetries whose Lie algebra may be identified 
with the de Rham cohomology H^^{Ai). The corresponding conserved charges cannot be 
changed by quantum effects in the IR sigma model, though they very well might not exist 
in the full UV theory. 

Now note that the Hilbert space can be graded by 'K2{M.) because a map t/j : — )- 
at a fixed time maps the boundary at infinity in to the vacuum, i.e. a point in Ai. 
Elementary excitations are in the trivial homotopy class and solitonic excitations are in 
nontrivial homotopy classes. Suppose exp : H'j^^{M.) F is the exponential map of the 
fiavor group T. If / = exp(6) is in the connected component of the identity then the action 
of / on wavefunctions in a sector [ip] G 7r2(7W) is 



The charge thus defines a character in Hom(7r2(A1), U{\))^ which actually only depends on 
the image under the Hurewicz map, i.e. it descends to Hom(i72(A^, Z), U{1)). 

Now, Hom(F2(A^,Z), [/(!)) ~ H'^{M,U{1)) so it is natural to suspect that F ~ 
H'^{A4, U{1)) is the correct expression for the full flavor group. H'^{M, is a compact 

abelian group whose Lie algebra may be identified with H'j^^^M). The connected compo- 
nent of the identity of this group can be identified with a torus T = Hl,j^{M)/H2iM,Z), 
in harmony with (G.2). However, might well have a nontrivial discrete group D of com- 
ponents, leading to discrete flavor symmetries not continuously connected to the identity 
and equation (G.2) generalizes naturally to this case. In general, is a semidirect product 
of the connected torus T with a discrete group D. (In fact T> is isomorphic to the torsion 
subgroup of i/^(7W,Z).) If A4 also has an isometry group G, it will act on the space of 
closed 2-forms and more generally on J^; hence the full flavor symmetry group of the IR 
theory will be a semidirect product of G and J^. 

It is an interesting problem to relate the flavor symmetry group of the UV theory and 
of the IR sigma-model description. A sufficient amount of supersymmetry, say M = 2 
in three dimensions (4 supercharges), makes the task easier. To every U{1) subgroup of 
the UV fiavor group, one has a real mass parameter m in the UV theory, which would 
be the vev of the scalar superpartner of a background gauge field gauging the U{1) fiavor 
subgroup. In the IR, the parameter m for a flavor symmetry which is unbroken everywhere 
on the Coulomb branch only affects the metric of the sigma model, and hence enters in 
a very specific way in the IR Lagrangian. Supersymmetrization of this coupling gives a 
coupling to the background gauge field, i.e. to the IR conserved current for the U{1) fiavor 
symmetry. In superspace, the kinetic term arises from integrating the Kahler potential 



Here M is a linear multiplet whose lowest component is the real mass m. (Thus M is a sum 
^ -|- ^ of chiral multiplets, m is the real part of the complex scalar, and the imaginary part 



(G.2) 




(G.3) 
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is dualized to a flavor gauge field with fieldstrength Ffi.) Expanding, we find a coupling 

J (d - d)dmic A Ffi. (G.4) 

As the Kahler potential and its first derivatives are not globally defined, we should integrate 
by parts to an expression involving the Kahler form: 

jdmCOAAfi. (G.5) 

Hence the relevant 2-form b on Aiis simply the variation of the Kahler form under a change 
in the real mass parameter. 

We can extend the above statements, valid for U{1) subgroups of the flavor group, 
to discrete flavor symmetry groups which manifest themselves in the IR in non-trivial 
components oi J-. li f G J- then we can modify the path integral on M^'^ x by using 
/-twisted boundary conditions around - that is, we can insert a "flavor Wilson line" 
corresponding to /. If the circle is sufficiently large that we can use the effective three- 
dimensional IR theory, but sufficiently small that we can express the partition function as 
that of an effective two-dimensional theory, then this twisting is equivalent to the insertion 
of a 5-field amplitude in the two-dimensional sigma model. For example, if / = cxp(6) 
is an element of the connected component of the identity in then the twisted partition 
function has an insertion of an operator 

exp27ri [ ip*b (G.6) 

J2d 

which survives the limit of taking a small circle. Hence the flavor Wilson line induces 
a B-field b in the effective 2d sigma model. This makes perfect sense for a U{1) flavor 
symmetry: the 3d Kahler parameter m becomes a complexified 2d Kahler parameter built 
out of m and b. For a general f e T, we get a coupling for the corresponding flat S-field 
in H'^{M,U{1)) =T. 

Finally, it is useful to consider line defects in the 3d theory which introduce a mon- 
odromy given by a flavor group element / in T . Such defects would appear naturally if we 
were to gauge a (possibly discrete) subgroup of T containing /. Now, a line defect stretch- 
ing along i C M^'^ can be viewed as the boundary of a domain wall 5, i.e. dS = I. The 
fields across the domain wall are related by a fiavor group transformation /. If / = exp b 
is in the connected component of the identity then the domain wall carries a coupling 

exp27ri / v?*?). (G.7) 
Js 

More generally, it has a coupling pairing the class (p* (/) with S. Because S has a boundary, 
this pairing does not define a complex number, but rather a section of a line bundle on the 
loop space of spacetime, as in the theory of D-branes in the presence of a S-field. In order 
to define a good operator in the sigma model wc need the line operator at the boundary 
of S* to be a section of the dual line bundle on loop space. 
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As in the theory of D-branes in the presence of a topologically nontrivial i?-field there 
is a natural class of such line operators related to "connections on twisted bundles." See 
[94] for a concrete discussion. The flat B-B.eld f € H'^{Ai,U{l)) determines a (torsion) 
twisting class in Tors(i?^(7W, Z)). The twisted class can be viewed as an 't Hooft flux, thus 
determining — for example — an SU{N) /Zisf bundle which does not lift to an SU{N) 
bundle. A connection on the SU{N)/'Lj\j bundle has well-defined holonomy in the adjoint 
representation, but the holonomy in representations of SU{N) transforming nontrivially 
under the center must be regarded as sections of line bundles over the loop space of M.. 
For an appropriately twisted vector bundle and connection, then, Hol(A, i) - the trace of 
the holonomy in the fundamental representation - will live in the dual line bundle (over 
loop space) to that where (G.7) is valued, and hence the product 



will be a well-defined function. In the present context this gives a well-defined line operator. 
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